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Instructions

e The exam has two parts. Answer two questions from Part A and five questions from
‘Part B. Only two-+five questions will contribute to your score.

¢ In the above table, check the questions from each part that you would like to be
graded.

e Use only one side of each sheet. Attach extra sheets if necessary.

e You have 3 hours to complete your work.

Conventions

*y Lil

e The terms “measurable,” “measure,” “integrable,” and “almost everywhére (a.e.)’
in R* always refer to the o-algebra of Lebesgue measurable sets and Lebesgue

measure .
¢ All measures are positive.

e If (X, 1) is a measure space, we denote by L?(X, u) the space of measurable
functions f : X — C for which

1/p 7
o (fxlflpdu) L<p<oo
.

| esssup | f| p=
is finite. When X C R” and u = m, we simplify this notation to L?(X).
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PART A. THEOREMS/DEFINITIONS Answer any two of the following three questions.

A1. What does it mean for a Bore] measure i on R” to be regular? Give an example of a
translation-invariant regular Borel measure ¢ on R” which is not a multiple of Lebesgue
measure . Name an additional property that would ensure such a g is a multiple of m.
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A2, State the open mapping theorem for Banach spaces. Briefly explain what this theorem
mmplies about a bijective continuous linear map between two Banach spaces.
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A3. Define what it means for a function [a, b] — R to be absolutely comin_uous; Give an
example of a continuous function which is not absolutely continuous. What can be said
about the image of a set of measure zero under an absolutely continuous function?
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PART B. PROBLEMS Solve any five of the following seven problems.

"BL Suppose f: [0 1} — R is continuous and f(@) = 0. Prove that the sequence of powers
{f7}22 , is equicontinuous if and only if In[ax | f(x}] < 1.
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B2. Suppose {A} is a sequence of disjoint measurable subsets of [0,1] such that
Usre, 4 = [0, 1], and {B,} is a sequence of measurable subsets of [0, 1] such that -
lim m(B, N Ag) = 0 for each k. Show that lim m(B,) = 0. ' :
n—>oc : n—>00 )
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B3.Let (X,)bea meésure space with u(X) < oo and suppose f € L'(X, ) for some
r > 0. Show that f € LP(X, i) whenever0 < p <r,and -

Tim [L/]l; = p{fx € X : f(x) # 0}).
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B4, Let (X, p) be a measure space and f,, f : X —> C be measurable. Suppose for every
¢ > 0 there is a measurable set £ ¢ X with u(E) < & such that f, — f uniformly on
X ~ E. Prove that f,(x) — f{(x) for p-almost every x € X.
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BS. Suppose f € L?]0, o0) for some 1 < p < co. Show that
' fors]
lim f f(x)e ™™ dx =0.

0

R—>CQ
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B6. Verify that the function
fx,y) = y(sinx) e

‘isintegrableon £ = {(x,y) e R*: x > 0,0 < y < l}andﬁnd/ f.
: E
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B7. Let f be a non-zero bounded linear functional on a normed space X . Find the distance
between the origin 0 and the hyperplane {x € X : f(x) = 1}. -




