CUNY GRADUATE CENTER
DEPARTMENT OF MATHEMATICS
ALGEBRA QUALIFYING EXAM
FATL 2009
3 hours

Instructions. Do any eight questions and no more. Partial credit will be awarded only
on thoss eight questions. Please specify on the cover of your answer book the problems to
he-graded: Prove all answers, indicating clearly any well-known resnits you are NSing.

1. &. Show that there is no simple group of order 36.
b. Show that there is no simple group of order pPq?, for distinet primes p and g.

2. Let G be a group with subgroups H and K. _
a. Show HK is a subgroup if and only if HK = K H.
b. Show H U K is a subgroup if and only if H C K or K € H.

3. (A proof of Cauchy’s theorerm) Let G be a group whose order is divisible by a prime
number p and let H be the cyclic subgroup of the symmetric group Sp generated by the

pcycle (12---p). Let
X={{al,...,ap]eGx—,--xG:alag---a.pxl}.

For (21,...,2p} € X and ¢ € H define
(a1, :a'p} vg= {:‘Go'(l}l: o :aa{p})-

a. Show that o defines rn action of H on X.

b. Show #X = |G L.
c. The orbit of (I,...,1) € X has exectly one element. Skow that there is another

element of X whose orbit has exactly one element.
d. Conclude that there is an element of order p in a.

Let R be a commutative rmg and let M, M, M" be three R-modules. Suppose

B — M — M — M" — 0 (A)

is exact. Let N be another i module.
a. Prove that the following sequence is exact:
0 —s Homg(M", N} — Hompg({M,N) — Homgp (M, N}.

b. Show by example for a suitable exact sequence of the form (A) and R-module N, the

following need not be exact:
0—NSg M oN@gM— iV@Rﬂ-*f”—PU.

Suggestion: You can give a simple example with R = Z.

ideal is principal.

5. a. Prove that in a Euclidean domain, every _
der the ideal T = 28 + (I + +/—13}5.

b. In the integral domain § = Z{v/—13], consi
Decide whether or not [ is principal and justify your answer.
Suggestion. Use the norm N(a +bv—13} = a? + 1362, with a,b € Z.

~ (continued overleaf)
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Let R be a ring with 1 such that z2 =z forall z € R,
2. Show that forall z € R, 2z = 0.

b. Show that B is commutative.
¢. Show that every finitely generated ideal of R is principal.

Let B be the field with two elements. For flz)=z*+2¥+1 € Bylz), let B = Fojz)/( f).

a. Show E is a field and find |E].
b. How many generators for the cychc group E* are there? Find one {m coset notatmn}

==0.-Find the inverse of 22 +1 in E {in coset notation}.
d Find a subfield of E with exactly 4 elements.
€. Does F contsin a subfield with exactly 8 elements?

Let A be a finite extension of €. Show that K does not contain 1nﬁmter many roots

of unity,
Theorem: If ¥ is a finite, separable extension of a field % then the extension must be

simple (in other words E' = k(a) for some & € E).
Prove this theorem with your own preof or by filling in the details of the following steps:

a. Show the theorem is true if & is finite.
b. Assume k infinite and suppose E = k{a, ). Let #1,--- , 0y be the distinct embed-
dings of ¥ in a closure & and copsider

fX) = H(G‘iﬂr + Xoi8 — 050 — Xo;f9).
i :
Show that f iz not identically 0 and there is some ¢ € k with f{c) # 0.
c. Show that E = k(o + ).

Find the Galois groups of
. 2% — 1 over Q,

. ¥ — 1 over Fa,

. 2% — 1 over [,

::3 + 3z — 1 gver (},

. a: — 7 over {3},

z4 — 7 over Q.
{Reca,].l that the discriminant of z° + bz + ¢ is —4b% — 272}

Let £ = k() be a simple algebraic extension of &. Let o : k < L be an embedding of
k into the algebraically closed field L. Show how o can be extended to an embedding

of E into L.

Let X have characteristic p and consider f(z) =z —z+a € K[z]. e isarcot of fin
some extension of K, show that fhe extension K(«) of K is Galois and find its Galois
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