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1 Introduction

Over the past few decades, continuous time stochastic processes with jumps

have seen increasing interest in finance, economics, statistics, operations

research, and other fields. The initial focus of studies that allow for discon-

tinuities in continuous time financial models has been almost exclusively on

the development of financial and economic theory and econometrics in the

context of option pricing and risk management. To guarantee mathematical

tractability, these early studies typically assume a relatively simple struc-

ture with respect to the jump components. The most commonly adopted

assumption is that jump increments are serially independent; examples satis-

fying this assumption include jump-diffusions with compound Poisson jumps

or, more generally, Lévy processes (see e.g., Merton (1976), Bertoin (1996),

Sato (1999), Cont and Tankov (2003) and the references therein for further

details).

In the most recent decade, with the increased availability of intra-daily

financial data and powerful computational-statistical tools, another branch

of the literature has emerged: first on statistically justifying the existence

of jumps (see e.g., Lee and Mykland (2008), Aı̈t-Sahalia and Jacod (2009b),

and Aı̈t-Sahalia et al. (2012)) and next on uncovering the subtle structures

of jumps, including identifying jump activity (Aı̈t-Sahalia and Jacod (2009a,

2011, 2012), Todorov and Tauchen (2010) and Jing et al. (2012b)), and jump

tail behavior (Bollerslev and Todorov (2011, 2014)).

Most recently, Aı̈t-Sahalia et al. (2015) (abbreviated as ACL hereafter)

have investigated a new dependence structure among the jump components
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of a continuous time semimartingale model. These authors relax the assump-

tion of independent discontinuous increments, by embedding a multivariate

Hawkes process (referred to as a mutually exciting point process in the

original papers by Hawkes (1971a,b)) into a continuous time model which

remains an Itô semimartingale, with a drift and a diffusion component. Dif-

ferent from the compound Poisson process, the multivariate Hawkes process

allows a jump in one component to raise the probability of future jumps

occurring both in the same component (self-excitation) and in other compo-

nents (cross-excitation). Intuitively, such a model specification helps to re-

produce the observed time and space propagation of jumps during a financial

crisis. Empirical findings of the ACL paper support the existence of mutual

excitation, including both self-excitation and cross-excitation, among major

stock markets around the world.1 Hawkes processes, as pure point processes,

have also been successfully applied to model excitation in other fields, such

as genome analysis, seismology and neurophysiology, market microstructure,

and crime (see e.g., Brillinger (1988), Bowsher (2007), Reynaud-Bouret and

Schbath (2010), Mohler et al. (2011) and the references therein).

Yet by the parametric nature of the Hawkes process, these findings may

be subject to the particular parametric model specification adopted. More-

over, the jump activity of the Hawkes process employed in the ACL paper

remains finite, while the aforementioned papers about identifying jump ac-

tivity point toward the presence of infinite-activity jumps (at least in the

1Besides, Christoffersen et al. (2012) propose a discrete time model, in which the jump
intensity is a function of itself (with a one period lag) and of the jump size of the previous
period’s jump. Li and Zhang (2013) adopt a similar discrete time model for the jump
intensity process and find that the jump intensity depends on the current relative stock
price level, next to the past jump intensity.
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stocks that are analyzed). Therefore, it is important to study the phe-

nomenon of mutual excitation in jumps under model specifications that ac-

commodate this feature, which is the objective of the present paper.

First, we extend the notion of self-excitation in jumps to a class of con-

tinuous time semimartingale models that stipulates the presence of infinite-

activity jumps.2 The key feature of this extended notion of self-excitation in

jumps is that the intensity of jumps positively depends on the jumps them-

selves (see Section 2.1 for the formal definition). Second, we develop and

implement new testing procedures, which are valid for a wide range of under-

lying data generating processes, to detect the presence of self-excitation in

jumps. We adopt the commonly used asymptotic scheme in high frequency

data analysis, in which the length of the sampling interval ∆n shrinks to zero

while the time horizon T <∞ stays fixed. Under such a scheme, detecting

self-excitation in jumps amounts to testing for common jumps between the

process of interest and its latent stochastic jump intensity process, on the

discretely observed path over [0, T ], with the additional restriction that the

jump in the intensity process at the co-jumping time has positive sign. The

testing problem is therefore path-wise and not based on an invariant distri-

bution (as in classical time series analysis). In fact, we do not require the

invariant distribution of the processes of interest to exist. Thus, the statis-

tical setting in the current paper is fairly general: except for some necessary

parametric assumptions on the jump size measure (see Assumption 2 below

for details), implying infinite jump activity to ensure statistical consistency

2For ease of presentation, we restrict attention to the univariate self-exciting case. The
generalization to the multivariate case is conceptually straightforward.
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on a fixed time horizon of length T < ∞, the coefficients of the drift and

diffusion terms and of the jump intensity process are allowed to be com-

ponents of any Itô semimartingale, as long as some rather mild conditions

(such as local boundedness) are satisfied.

In a nutshell, the testing procedures we develop can be summarized

as follows. First, we select appropriate functionals of the process of in-

terest and its stochastic jump intensity that yield distinct values on the

disjoint outcome sets of self-excitation in jumps and its complement of no

self-excitation in jumps. Next, using the truncation technique introduced by

Mancini (2001), we identify the intervals on the observed sample paths that

contain jumps. Then, we design local jump intensity estimators around each

such interval. Thus, we obtain estimators of the chosen functionals. Finally,

the tests are based on the distinct limiting behaviors of these estimators on

the disjoint outcome sets of self-excitation in jumps and of no self-excitation

in jumps, which we describe by deriving the corresponding central limit

theorems. Both the null hypothesis of “no self-excitation in jumps” and of

“self-excitation in jumps” are considered. The mathematical details of the

new limit theories we develop are delicate.

Two relevant papers on testing for common arrivals of jumps are Jacod

and Todorov (2009, 2010); the former considers the problem of testing for

common jumps in two observable continuous time processes; the latter con-

siders testing for common jumps in an observable continuous time process

and its latent volatility process. Our testing problem differs from the testing

problems in these papers in at least two important respects. First, Jacod

and Todorov (2009, 2010) mainly only consider the question of whether or
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not there are common jumps, and do in most of their work not discriminate

between the signs of the co-jumps, as is required for our problem. There-

fore, the main null and alternative hypotheses in these two papers are of a

different nature than in the current paper.

Second, and more importantly, the estimation methods underlying the

tests differ substantially among the three papers. The core difference lies in

how the target (log-price, volatility or jump intensity) process is related to

what can be observed. In Jacod and Todorov (2009), since both processes of

interest are observable, the discretely observed values become natural esti-

mators of the continuous spot (local) ones. By contrast, non-trivial effort is

required to deal with the estimation of the latent volatility process in Jacod

and Todorov (2010). But the estimation of the latent stochastic jump inten-

sity, as required in this paper, is quite different from, and more demanding

than, the estimation of the latent volatility process: the diffusion compo-

nent contains two parts, a standard Brownian motion, the distribution of

which is well-known, and its time-varying loading factor, the volatility pro-

cess. As previous work has shown, after removing jumps, local averages of

squared returns consistently estimate spot volatilities. However, the fact

that the jump size measure, which jointly with the stochastic jump inten-

sity process determines the jump measure, is not fully known (by contrast

to the law of the standard Brownian motion) complicates the problem we

are facing in the present paper. Therefore, additional efforts (and structural

assumptions) are needed to estimate the jump activity index, which con-

trols the shape of the jump size measure, and then filter out the stochastic

jump intensities. This involves the derivation of the corresponding consis-
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tency and functional central limit results. Besides, while volatility has been

intensively studied, much fewer results are known about the estimation of

stochastic jump intensities. Among the few papers on stochastic jump inten-

sity estimation with high frequency data are Aı̈t-Sahalia and Jacod (2009a)

and Jing et al. (2012b), who have investigated the problem of estimating the

integrated jump intensity, as an interim step in the estimation of the jump

activity index. We investigate local jump intensity estimation, as an interim

step in our testing procedure.

To assess the finite sample performance of our tests, we conduct Monte

Carlo simulations. They show that our tests have good power and size prop-

erties under both null hypotheses considered, in a realistic setting. Upon

applying our tests to real asset price data, we find clear evidence of self-

excitation in asset price jumps, particularly when restricting our attention

to negative price jumps. We also find that larger absolute price jumps are

more likely to trigger self-excitation.

The remainder of this paper is organized as follows. In Section 2 we

introduce our definition of self-excitation in jumps in the setting of general

Itô semimartingales and state our main model assumptions and our test-

ing problem. In Section 3 we introduce and derive the limiting behaviors

of our estimators of chosen functionals of the process of interest and its

jump intensity. In Section 4 we describe the asymptotic behavior of our

tests under two distinct null hypotheses. In Section 5 we present the de-

sign and results of our Monte Carlo experiments. Section 6 contains the

details of our empirical analysis. Conclusions are in Section 7. All proofs,

some examples, additional results of our Monte Carlo experiments, and two
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robustness checks pertaining to our empirical analysis are collected in an

online appendix, see Boswijk et al. (2017).

2 Definition, Assumptions and Testing Problem

2.1 Self-excitation in jumps: A definition

The notions of self- and mutually exciting point processes were first intro-

duced by Hawkes (1971a,b). Most recently, ACL employed a multivariate

Hawkes process to reproduce time and space propagation during a finan-

cial crisis. The phenomenon of self-excitation in jumps can alternatively be

generated by an affine jump-diffusion model in which the jump intensity is

affine in the diffusive volatility and the latter contains jumps that arrive at

the same time as the price jumps; see Pan (2002), Andersen et al. (2015)

and the references therein.

Although the specifications of the above two models are different, they

share the same feature that the occurrence of price jumps, whether directly

or through the volatility channel, exerts a positive feedback on the price

jump intensity process, hence induces a higher conditional probability of

the occurrence of future price jumps. Such (local and clustered) increases

of tail risk constitute exactly the phenomenon we are interested in, and

we regard them as the key feature of the notion of self-excitation in jumps.3

While these two models assume the jump activity to be finite, we are going to

generalize the concept of self-excitation to a semimartingale setting including

3As explained by Aı̈t-Sahalia et al. (2015), this feature plays a similar role for jumps
as ARCH (Engle (1982)) does for volatility.
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infinite activity jumps.

Let Xt be the logarithmic price of a financial asset at time t. Throughout

this paper, we assume that the log-price follows an Itô semimartingale de-

fined on some filtered probability space (Ω,F , (Ft)t∈[0,T ],P). Its Grigelionis

decomposition (cf. Jacod and Protter (2011), Theorem 2.1.2) is given by

Xt = X0 +

∫ t

0
bsds+

∫ t

0
σsdWs

+ h(δ) ∗ (µX − νX)t + (δ − h(δ)) ∗ µXt ,
(2.1)

where b and σ are real-valued optional processes, W is a standard Brownian

motion, h is a truncation function, µX is a Poisson random measure on R+×

E with compensator νX , and δ is a predictable function. Recent empirical

evidence and statistical procedures suggest to use pure jump processes to

model the price process (see e.g. Todorov (2015), Todorov and Tauchen

(2010), Jing et al. (2012a) and Kong et al. (2015)). This would simplify the

problem at hand. Yet to achieve more generality, we proceed with the above

representation. The testing procedures we describe below also apply to the

pure jump case.

In what follows, we impose the following very mild assumption on b and

σ, but leave their dynamics unspecified. Note, in particular, that they can

be random and exhibit jumps.

Assumption 1. The processes b = (bt) and σ = (σt) are locally bounded.

To factor out the jump intensity process, we make the following struc-

tural assumption on νX :
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Assumption 2. Assume νX(ω, dt, dx) = dt ⊗ Ft(ω, dx), with Ft a pre-

dictable random measure. Furthermore, suppose there are three (nonran-

dom) numbers β ∈ (0, 2), β′ ∈ [0, β) and γ > 0, and a locally bounded

process Lt ≥ 1, such that, for all (ω, t), Ft = F ′t + F ′′t , where:

(a) F ′t(ω, dx) = f ′t(x)λt−(ω)dx, 0 < λt(ω) ≤ Lt and

f ′t(x) =
1 + |x|γht(x)

|x|1+β
, 1 + |x|γht(x) ≥ 0, |ht(x)| ≤ Lt. (2.2)

(b) F ′′t is a measure that is singular with respect to F ′t and satisfies

∫
R

(|x|β′ ∧ 1)F ′′t (dx) ≤ Lt. (2.3)

(c) The process λ = (λt) is a positive Itô semimartingale given by

λt = λ0 +

∫ t

0
b′sds+

∫ t

0
σ′sdWs +

∫ t

0
σ′′sdB̃s

+ δ′ ∗ µXt + δ′′ ∗ µ⊥Xt ,

(2.4)

where B̃ is a standard Brownian motion independent of W , and µ⊥X

is orthogonal to µX .4 Furthermore, δ′ and δ′′ are predictable.

We now state our definition of self-excitation in jumps (examples can be

found in the online appendix):

Definition 1. An outcome ω ∈ Ω exhibits self-excitation in jumps on the

interval (0, T ] if λ jumps positively at some (not necessarily all) price jump

4The “orthogonality” between two random measures means here that (almost surely)
they share no common Dirac masses lying on the same “vertical” line {t} × E. Or, in
other words, they have no common jump times.
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times, i.e.

∑
0≤t≤T

∆λt(ω) 1{∆λt(ω)≥0,∆Xt(ω)6=0} > 0. (2.5)

Note that we still need the condition ∆Xt(ω) 6= 0 in the above indicator

function to exclude positive jumps of λ that are not associated with jumps

of X. A first alternative hypothesis to self-excitation in jumps is:

∑
0≤t≤T

|∆λt(ω)| 1{∆Xt(ω)6=0} = 0. (2.6)

That is, X and λ don’t have common jumps on this particular path (but

they may for another path). A second alternative hypothesis is:

∑
0≤t≤T

∆λt(ω) 1{∆λt(ω)≤0,∆Xt(ω)6=0} < 0. (2.7)

In this case, jumps tend to reduce their intensities, hence inducing a self-

dampening property. This alternative shows clearly that the sign of the

intensity jumps matters for our definition of self-excitation in jumps.

We conclude this subsection with several remarks.

Remark 1. Assumption 2 requires the presence of infinite-activity jumps in

X. This is to guarantee that the spot values of λ can be consistently estimated

from a local window (see (3.6) below). This differentiates the current paper

from the previous literature on self-exciting processes. Note that in the finite

jump activity case, the number of jumps in any finite interval is finite. Hence

one does not have enough observations to estimate the spot jump intensity
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λ. Even if one can have an infinite number of jumps by letting the time

horizon go to infinity, only stationary moments of λ, not the spot values,

can be estimated consistently in the finite jump activity case.

Remark 2. When the jump activity is finite, as in the case of a Hawkes

process, it is quite natural to call λ the stochastic jump intensity: it is sto-

chastic and measures the conditional arrival rate of log-price jumps. In the

case of infinite jump activity, λ no longer represents the conditional arrival

rate of jumps. Hence, it might be more appropriate to refer to λ as a sto-

chastic scale. However, for ease of presentation and with slight abuse of

terminology, we do not distinguish between these two notions, and continue

to refer to λ as the (stochastic) jump intensity in the sequel.

Remark 3. One may note that our specification of F ′t is similar to but

slightly different from that in Aı̈t-Sahalia and Jacod (2009a). That paper

requires F ′t to be very close to the Lévy measure of a β-stable process (scaled

by λt) on a random interval (−z−t , z
+
t ) with 1/Lt ≤ z±t ≤ 1. We assume

in (2.2) that F ′t behaves like a β-stable process on the whole real line. To

understand the reason for this difference, note that log-price jumps outside

such an interval are of finite activity, hence do not affect the estimation

of β asymptotically. Therefore, for the purpose of estimating the degree of

jump activity one can leave the jump size distribution unspecified outside

that interval to achieve more generality. However, in the current paper, we

need the stochastic intensity (or scale) λ to be defined in the same way for

any potential jump size, irrespective of whether large or small. Indeed, we

require large (finite activity) and small jumps to share the same (infinite
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activity) jump measure and compensator.

Remark 4. We allow for additional randomness in λ by introducing B̃ and

µ⊥X in (2.4). The part (c) of Assumption 2 is arguably weak and is satisfied

for virtually all parametric jump specifications used in the literature to date

(cf. e.g., Todorov (2010) and Bollerslev and Todorov (2011)), including

affine jump-diffusion models.

Remark 5. We can further decompose the intensity process λ into two

parts, corresponding to negative and positive log-price jumps, respectively:

λt− = λ
(+)
t− 1{x>0}+ λ

(−)
t− 1{x<0}. The extension of our estimation and testing

results to λ(+) and λ(−) is straightforward. While we restrict attention to

the overall spot (local) intensity λ in most of the sequel, we present real

testing results that distinguish between negative and positive log-price jumps

in Section 6, Table 3.

Remark 6. The rationale behind Definition 1 is that a log-price jump can

(potentially) increase the arrival intensity (or the scale factor) of future

jumps. Similarly, one can define excitation from X to another log-price

process Y , by requiring that the jump intensity of Y satisfies the part (c) of

Assumption 2 (with the same µX) and condition (2.5) holds for Y . If the

reverse effect is also true, then we have mutual excitation in jumps; see e.g.,

Dungey et al. (2015) for a specific application.

Definition 1 allows both negative and positive jumps of X, and whether

large or small, to be accompanied by a positive jump of λ. We note that,

despite the presence of self-excitation, a standard correlation of X and λ

may well be insignificant, because the positive and negative terms in the
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correlation definition may cancel out.

2.2 The testing problem

Suppose we observe, over a period of total length T (measured in years),

every ∆n = T/n units of time the log-price Xj∆n , for j ∈ N, without

measurement error. Let ∆n
jX := Xj∆n − X(j−1)∆n

. Our aim is to decide

whether or not there is self-excitation in jumps.

It is worth stressing that, given the discretely observed path over [0, T ],

the best we can achieve in terms of estimation and testing, is to make in-

ference about a specific outcome ω ∈ Ω, not about the underlying process

dynamics in general. The reason is that, even if we would be in the ideal

situation in which the paths of t 7→ Xt and t 7→ λt were fully observed over

the time interval [0, T ], which would de facto mean that we knew whether

or not they jumped simultaneously, we still wouldn’t know anything about

other paths not-observed (see Example A.1 in the online appendix). Con-

sequently, if we cannot reject the null hypothesis of “no self-excitation” on

the observed path, it does not mean that the underlying model cannot gen-

erate the self-exciting property: it might be a result of “bad luck”. In other

words, the tests we propose here are constructed on a path-wise basis. Any

conclusion will be drawn with respect to the observed path only, not with

respect to the underlying model. Thus, we avoid the inconsistency problem

discussed in Corradi et al. (2014).

In principle, we allow any log-price jump, whether the small ones and/or

the large ones, to trigger the self-excitation effect. But in practice, it may

be also interesting to test more specifically whether log-price jumps larger
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than a certain value can excite their own intensity process. More generally,

we can restrict our attention to the jumps of X in a subset E of R. For

example, the sets E = (ε,∞) and E = (−∞,−ε) correspond to positive and

negative log-price jumps of magnitude larger than ε > 0, respectively. And

their union corresponds to log-price jumps of (absolute) size larger than ε.

Let Ωj,E
T = {ω : ∃ t ∈ (0, T ], s.t. ∆Xt(ω) ∈ E \ {0}} and note that there

is no need to consider the possibility of self-excitation in jumps if no price

jumps belong to this set (see again Example A.1 in the online appendix).

Consider the following disjoint subsets of Ωj,E
T :

ΩE ,+
T =

{
ω ∈ Ωj,E

T :
∑

0≤t≤T
∆λt(ω) 1{∆λt(ω)≥0,∆Xt(ω)∈E \{0}} > 0

}
,

ΩE ,−
T =

{
ω ∈ Ωj,E

T :
∑

0≤t≤T
∆λt(ω) 1{∆λt(ω)≤0,∆Xt(ω)∈E \{0}} < 0

}
,

ΩE ,0
T =

{
ω ∈ Ωj,E

T :
∑

0≤t≤T
|∆λt(ω)| 1{∆Xt(ω)∈E \{0}} = 0

}
.

(2.8)

Then we can test whether the outcome ω belongs to ΩE ,self
T := ΩE ,+

T or

ΩE ,no
T := ΩE ,−

T ∪ΩE ,0
T . When E = R, we will omit it from the superscript for

simplicity.

3 Objective Functionals and Limit Theorems

3.1 Functionals of jumps and intensity

Recall the notation introduced in Section 2.2 and observe that if we would

exclude the possibility of self-dampening in jumps, i.e., assign zero proba-

bility to Ω−T (which we will not in general), then the problem is effectively
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reduced to testing for co-jumps between X and λ. Therefore, we first briefly

discuss the basic idea of testing for common jumps and next modify it to

meet our needs.

In general, when testing for co-jumps between two processes X and Y ,5

with Y ∈ R∗+ where R∗+ = (0,∞), one can consider the following process:

U(H)t =
∑

0≤s≤t
H(Xs−, Xs+, Ys−, Ys+) 1{∆Xs∈E \{0}}. (3.1)

The idea then consists in choosing a function H on R× R× R∗+ × R∗+ such

that U(H)T behaves distinctly when X and Y do or do not co-jump within

the interval [0, T ]. For instance, one may choose a function H such that

H(x1, x2, y1, y2) = 0⇐⇒ x1 = x2 or y1 = y2. (3.2)

Consequently, U(H)T 6= 0 on the set where X and Y co-jump within the

time interval [0, T ] and U(H)T = 0 elsewhere.6

Now think of Y ≡ λ. If we do not make the ex ante assumption that self-

dampening in jumps is excluded, then, to achieve our goal, we can modify

5At this stage, we simply discuss how one can identify common jumps when one has
full knowledge of the paths of X and Y on the interval [0, T ]. We don’t deal with the
(un)observability of X and Y yet. This will, however, of course be a key issue to be dealt
with below.

6A complication here is provided by the possibility that X and Y have co-jumps with
different signs so that the sum U(H)T happens to be zero. However, we argue that this
event is unlikely to occur. In fact, if the jump sizes are mutually independent and can
take infinitely many values, then the probability of this event is exactly zero.
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H to satisfy either one of the following conditions

H(x1, x2, y1, y2) 6= 0⇐⇒ x1 6= x2 and y1 < y2, (3.3)

H(x1, x2, y1, y2)


> 0 if x1 6= x2 and y1 < y2,

= 0 if x1 = x2 or y1 = y2,

< 0 if x1 6= x2 and y1 > y2.

(3.4)

With the former choice, U(H)T yields the same result on both ΩE ,−
T and

ΩE ,0
T . With the latter choice, a full spectrum to distinguish between the

three different outcome sets in (2.8) is provided.

In the current paper, the log-price process is discretely observable while

the intensity process λ is completely latent. Therefore, we will estimate the

local (or spot) jump intensity, yielding λ̂, and then “approximate” U(H) by

the observable process

U(H, kn)t =

[t/∆n]−kn∑
i=kn+1

H(X(i−1)∆n
, Xi∆n , λ̂(kn)i−kn−1, λ̂(kn)i)

× 1{|∆n
i X|>α∆$

n } × 1{|∆n
i X|∈E \{0}}.

(3.5)

Here, our “local estimator” of the spot jump intensity is given by:

λ̂(kn)i =
∆$β
n

kn∆n

i+kn∑
j=i+1

g

( |∆n
jX|

α∆$
n

)
αβ

Cβ(1)
, (3.6)

where the parameter β needs to be estimated using the methods in Aı̈t-

Sahalia and Jacod (2009a) and Jing et al. (2012b). The conditions on $
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and the positive integer kn are:

0 < $ <
1

2
,

1

K
≤ kn∆ρ

n ≤ K with 0 < ρ < 1, 0 < K <∞. (3.7)

Furthermore, the function g satisfies the following assumption:

Assumption 3. The function g satisfies either one of the following condi-

tions: (a) g = g0(x) = 1{x>1}; (b) g(x) = |x|p if |x| ≤ a for some constant

a > 0 and even integer p > 2, and g(x) is even, non-negative, bounded and

smooth with bounded and Lipschitz continuous first order derivative.

Under these conditions and with g of the indicator type, the continuous

component of ∆n
jX will be truncated out with probability approaching one

in the limit as n → ∞. While small jumps may also be truncated out,

inducing a truncation error, our results show that this truncation error is

negligible in the limit.

Note that if the only jump that occurs is contained in the interval [(i−

1)∆n, i∆n), then the estimated values for λi−kn−1 and λi are both zero.

Consequently, U(H, kn)T = 0 for all n, hence we naturally conclude that

there is no self-excitation.

Remark 7. This “local” estimator is obtained by “differentiating” the in-

tegrated estimator Λ̂ given in Proposition B.1 in the online appendix, which

summarizes the relevant results in Aı̈t-Sahalia and Jacod (2009a) and Jing

et al. (2012b).

Remark 8. Although the idea of constructing the spot jump intensity es-

timator seems to be natural, when plugging it into U(H, kn)t, a nontrivial
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challenge arises in deriving the corresponding central limit theory (CLT).

Since we allow every log-price jump to excite its intensity process, for each

of them, we need other jumps within its left and right local window of length

kn∆n to estimate the pre- and post-jump spot intensity levels. However, we

need to do the same for the other jumps within these local windows. Thus,

those estimators for the spot intensities will overlap with each other. And,

more importantly, we cannot use the usually adopted technique (e.g., Jacod

and Todorov (2010)) by first focusing on jumps of magnitude larger than 1/m

for some integer m ≥ 1, which are sufficiently separated from each other as

long as n is large enough, and then letting m go to infinity. To make an

analogy, the challenge here is somewhat similar to what mixing sequences

brings (compared to IID sequences) to classical time series analysis.

3.2 Main theorems

We now derive the asymptotic behavior of U(H, kn) defined in (3.5). Intu-

itively, the asymptotic behavior of the estimator U(H, kn) of the functional

U(H) (such as its convergence rate and limiting variance) is essentially de-

termined by the estimators of the processes X and λ, rather than by the

form of the function H, as long as H satisfies some regularity conditions

(on its smoothness and boundedness). Recall that the difference between

spot volatility estimates and discretely observed log-prices distinguishes Ja-

cod and Todorov (2010) from Jacod and Todorov (2009). By the same

token, spot intensity estimates differentiate the current paper from Jacod

and Todorov (2009, 2010).

In fact, the estimators of the processes X and λ determine not only

19



the asymptotic behavior, but also the requirements on the function H. In

the ideal case in which both X and λ are continuously observable, we can

directly tell to which set in (2.8) the outcome belongs, based on the ob-

served (rather than estimated) value of U(H). Therefore, no additional

assumptions on H are needed. If at least one of X and λ is only discretely

observable, for instance λ, then we need some assumptions on the smooth-

ness and boundedness of the function H in its third and fourth arguments

to derive the LLN and CLT. Lastly, if at least one of X and λ is not even

discretely observable, as is the case considered in the present paper, then we

need stronger assumptions on H, which involve its higher order derivatives,

in order to construct valid testing procedures.

To describe under which assumptions on H the estimator U(H, kn) is

consistent, we introduce the family R of subsets R (cf. Jacod and Todorov

(2010)):

R ∈ R ⇐⇒


R is open, with a finite complement;

D = {x : P(∃s > 0 with ∆Xs = x) > 0} ⊂ R.
(3.8)

Then, define D(R) := {(x1, x2) ∈ R2 : x2 − x1 ∈ R}. We want to consider

a function form such as H(x1, x2, y1, y2) = h1(x1, x2)1{|x2−x1|>ε}h2(y1, y2),

where ε > 0 and h1, h2 are continuous functions. Obviously, such a function

H is not continuous on R2×R∗2+ . So we are going to restrict it to the domain

D(R)× R∗2+ .

Theorem 1. Suppose that Assumptions 1, 2 and 3 hold. Let $ and ρ satisfy

condition (3.7) and let ρ > 1−$β. Furthermore, let H be a Borel function
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on R2 × R∗2+ , which is continuous at each point of D(R) × R∗2+ for some

R ∈ R and satisfies (3.2). Then U(H, kn)t
P−→ U(H)t in the Skorokhod

topology, as soon as one of the following conditions are satisfied for some

ε > 0: (a) H(x1, x2, y1, y2) = 0 for |x1 − x2| ≤ ε; (b) |H(x1, x2, y1, y2)| ≤

K|x1 − x2|β(1 + y1 + y2), if |x1 − x2| ≤ ε for some K > 0.

The above consistency result is not enough for testing purposes. In fact,

we will need a joint CLT for the pair of processes (U(H, kn)t, U(H,wkn)t)

for some integer w ≥ 2 when testing against the null hypothesis of self-

excitation, because in that case the test statistic will be constructed from the

difference between two estimators of U(H). Hence, to maintain generality,

we will analyze the joint convergence of the above pair of processes.

To describe the limiting processes we will derive, we need additional

notation.7 We let (Ω′,F ′,P′) be an auxiliary space endowed with four

sequences, (W−p ), (W+
p ), (W

′−
p ) and (W

′+
p ), of independent normal ran-

dom variables and introduce the following extension (Ω̃, F̃ , P̃) of (Ω,F ,P):

Ω̃ = Ω×Ω′, F̃ = F ⊗F ′, and P̃ = P⊗ P′. All variables or processes defined

on Ω and Ω′ can be trivially extended to Ω̃. Next, we denote by (Tp)p≥1 a

sequence that exhausts the jumps of X (Jacod and Shiryaev (2003), I.1.32).

This choice may not be unique, but that will not affect the results we are

going to derive. Additionally, let T t = {p ≥ 1 : Tp ≤ t}. Finally, denote by

(F̃) the smallest filtration that contains (Ft) and is such that the variables

(W−p ), (W+
p ), (W

′−
p ), (W

′+
p ) are F̃Tp-measurable.

Now, we are ready to introduce two càdlàg adapted processes, Ut and

7We refer to Jacod and Todorov (2010) and I.2.2 in Jacod and Protter (2011) for more
details on the space extension that follows.
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U ′t, on the extended filtered space (Ω̃, F̃ , (F̃)t≥0, P̃):



Ut =
∑
p∈T t

(
H ′3(XTp−, XTp+, λTp−, λTp)W

−
p

+H ′4(XTp−, XTp+, λTp−, λTp)W
+
p

)
,

U ′t =
∑
p∈T t

(
H ′3(XTp−, XTp+, λTp−, λTp)W

′−
p

+H ′4(XTp−, XTp+, λTp−, λTp)W
′+
p

)
.

(3.9)

Here, H ′j stands for the first partial derivative w.r.t. its j-th argument.

Conditionally on F , these two processes are independent, centered Gaussian

martingales (cf. (3.8) in Jacod and Todorov (2010)). In addition, the F-

conditional variances of Z−p = W−p or W
′−
p and Z+

p = W+
p or W

′+
p are

Ẽ
(
(Z−p )2 | F

)
= λTp−

αβCβ(2)(
Cβ(1)

)2 and Ẽ
(
(Z+

p )2 | F
)

= λTp
αβCβ(2)(
Cβ(1)

)2 ,
where the expectations with tildes are defined on the extended probability

space. See Proposition B.1 in the online appendix for the definition of Cβ(k).

Moreover, we need stronger assumptions on the function H:

Assumption 4. H is C1 on D(R)× R∗2+ and, for some q, q′c, q
′
d > β,

(a) One of (3.2), (3.3) or (3.4) holds;

(b) 1
|x2−x1|qH(x1, x2, y1, y2), 1

|x2−x1|qH
′
3(x1, x2, y1, y2) and

1
|x2−x1|qH

′
4(x1, x2, y1, y2) are locally bounded on D(R)× R∗2+ ;

(c) 1

|x|q′c |x2−x1|q
′
d
|H(x1 + x, x2, y1, y2)−H(x1, x2, y1, y2)| and

1

|x|q′c |x2−x1|q
′
d
|H(x1, x2 +x, y1, y2)−H(x1, x2, y1, y2)| are locally bounded
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for any x ∈ R.

Theorem 2. Let $ ∈ (0, 1/2). Suppose that Assumptions 1, 2, 3 and 4

hold with p > 1−$β
1/2−$ , q > 2 and q′c, q

′
d ≥ 1, and condition (3.7) is satisfied

with

1−$β < ρ < (1−$β) + 2φ′ ∧ 2φ′′ ∧ 1

2
$β, (3.10)

where φ′ and φ′′ are defined in the online appendix (Lemmas B.2 and B.3).

If, in addition, one of the following conditions is satisfied:

(a) H(x1, x2, y1, y2) = 0 for |x1 − x2| ≤ ε, where ε > 0;

(b) 2$β < 1 and ρ ≤ 1−$β+(q′c−1+$(2q′d−β))∧2$(q∧(q′c+q′d)−β);

then, for any fixed t > 0, the vector

√
kn∆n

∆$β
n

(
U(H, kn)t − U(H)t, U(H,wkn)t − U(H)t

)
(3.11)

converges stably in law to the random vector (Ut, 1
w (Ut +

√
w − 1 U ′t)).

Remark 9. The choice of ρ and $ controls the convergence rate, which

is (ρ + $β − 1)/2 in the CLT above. Aı̈t-Sahalia and Jacod (2009a) and

Jing et al. (2012b), who deal with integrated rather than local jump intensity

estimation, find a convergence rate equal to $β/2, which is larger than the

rate found in the CLT above. The intuition behind this is essentially the

same as for the case of integrated versus local volatility estimation. Since

we are using a shrinking time span kn∆n, instead of a fixed nonzero one

as in Aı̈t-Sahalia and Jacod (2009a) and Jing et al. (2012b), the number of
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observations used in each local window is much smaller, resulting in a slower

convergence rate. However, we note that the fewer local observations can be

compensated in part by a weaker restriction on $. In Aı̈t-Sahalia and Jacod

(2009a), the restriction on $ is $ < 1/(2 +β)∧ 2/(5β). So the “universal”

value of $ that is admissible for all β ∈ (0, 2) is 1/5. In Jing et al. (2012b),

the condition is weakened to $ < 1/(2 + β). Hence, a conservative choice

is $ < 1/4. Actually, their results correspond to the case ρ = 1. And since

in our case ρ < 1, the restriction on $ can be even weaker. This means

that we can use a smaller threshold (but still significantly larger than most

Brownian increments) and utilize more information from small increments.

It may happen that the limiting processes U and U ′ in the above CLT

vanish. A simple situation is when X and λ have no common jumps and

additionally the following degeneracy condition holds:

y1 = y2 =⇒ |H ′3(x1, x2, y1, y2)|+ |H ′4(x1, x2, y1, y2)| = 0. (3.12)

In such a case, we need a higher order CLT, which requires stronger smooth-

ness assumptions on H.

Assumption 5. The function H satisfies Assumption 4 and

(a) H(x1, x2, y1, y2) is C1 in (x1, x2) and C2 in (y1, y2) on D(R)× R∗2+ ;

(b) 1
|x2−x1|q′′

H ′′ij(x1, x2, y1, y2) is locally bounded on D(R)× R∗2+ for i, j =

3, 4 and q′′ > β.

Theorem 3. Suppose that the same assumptions as in Theorem 2 hold, but

with Assumption 4 replaced by 5 with q′′ > 2, and assume furthermore that
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the degeneracy condition (3.12) holds. If, in addition, one of the following

conditions is satisfied:

(a) H(x1, x2, y1, y2) = 0 for |x1 − x2| ≤ ε, where ε > 0;

(b) 2$β < 1 and ρ ≤ 1−$β+(q′c−1+$(2q′d−β))/2∧$(q∧(q′c+q
′
d)−β);

then, for any fixed t > 0, the vector

kn∆n

∆$β
n

(
U(H, kn)t − U(H)t, U(H,wkn)t − U(H)t

)
(3.13)

converges stably in law to the random vector (U t,U
′
t), where



U t =
∑
p≥1

1

2

(
H ′′33(XTp−, XTp+, λTp−, λTp)(W

−
p )2

+H ′′44(XTp−, XTp+, λTp−, λTp)(W
+
p )2

+2H ′′34(XTp−, XTp+, λTp−, λTp)W
−
p W

+
p

)
1{Tp≤t},

U ′t =
∑
p≥1

1

2w2

(
H ′′33(XTp−, XTp+, λTp−, λTp)

×(W−p +
√
w − 1W

′−
p )2

+H ′′44(XTp−, XTp+, λTp−, λTp)(W
+
p +

√
w − 1W

′+
p )2

+2H ′′34(XTp−, XTp+, λTp−, λTp)(W
−
p +

√
w − 1W

′−
p )

×(W+
p +

√
w − 1W

′+
p )
)
1{Tp≤t}.

(3.14)

One may refer to Theorems 2 and 3 as first and second order CLT,

respectively, according to the order of the derivatives of H involved in the

limiting processes.
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The degeneracy condition (3.12) does not exclude the possibility that

y1 > y2 =⇒ |H ′3(x1, x2, y1, y2)|+ |H ′4(x1, x2, y1, y2)| = 0.

Indeed, if the above property holds and H additionally satisfies Assumption

5 with (3.3), then it is easy to show that (3.12) is also true. Importantly,

again the two limiting processes, U t and U ′t, will vanish on the set of no

self-excitation in this case. In fact, as long as (3.3) holds, even if we replace

H ∈ C2 in (y1, y2) in Assumption 5 by H ∈ Cn in (y1, y2) for any integer

n > 2, all the derivatives of H (if they exist) w.r.t. y1 and y2, not only the

first order ones, are still identically zero on the area {y1 ≥ y2}. This means

that higher order limiting processes akin to U t and U ′t will vanish on the set

of no self-excitation, too.

Remark 10 (About microstructure noise). Many methods (e.g. subsam-

pling, kernel smoothing and pre-averaging) have been proved to be very suc-

cessful in eliminating the effects of microstructure noise when estimating

volatility related quantities. However, according to Bücher and Vetter (2013),

this may not be the case when estimating jump compensator related quanti-

ties. For example, they showed why the pre-averaging method doesn’t yield

a consistent estimator of the tail of a Lévy measure ν, i.e. ν([x,+∞)) for

x > 0. Since the jump intensity is part of the measure ν, the existing meth-

ods may not work here as well. The volatility signature plot of the (highly

liquid) dataset we use in our empirical analysis below doesn’t exhibit any

evidence of microstructure noise.
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4 Tests

For simplicity, we omit the superscript E in this section. The testing proce-

dures described below apply to any non-trivial choice of E , including E = R.

4.1 Testing the null hypothesis of “no self-excitation”

The null hypothesis of no self-excitation is given by ω ∈ Ωno
T . Depending on

whether or not we assume P(Ω−T ) = 0 (e.g. δ′ ≥ 0 in (2.4)), we will choose a

function H that satisfies (3.2) or (3.4), respectively. In the sequel, when em-

ploying any theorem of Section 3, we will always assume that the associated

function H satisfies the relevant assumptions stated in the theorem.

First of all, by Theorem 1, we have the following convergence result:

U(H, kn)T
P−→ U(H)T


= 0, on the set Ω0

T ,

6= 0, on the set Ω+
T .

or


≤ 0, on the set Ωno

T ,

> 0, on the set Ωself
T .

If the degeneracy condition (3.12) does not hold, for instance when we

choose H as in (A.2), which satisfies (3.4), we can make use of Theorem 2

to construct the critical region. In this case, note that the limiting process

Ut of U(H, kn)t is a Gaussian martingale conditional on F with conditional

variance U(G)t where the function G is given by

G(x1, x2, y1, y2) =
αβCβ(2)(
Cβ(1)

)2 (y1H
′
3(x1, x2, y1, y2)2

+ y2H
′
4(x1, x2, y1, y2)2

)
,

(4.1)

and satisfies the requirements imposed on the function H in Theorem 1.
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Hence, U(G, kn)t is a consistent estimator of the limiting conditional vari-

ance. Therefore, upon noticing that

tn :=

√
kn∆n

∆$β
n

U(H, kn)T√
U(G, kn)T



P−→ −∞ ω ∈ Ω−T ,

Lst−−→ N (0, 1) ω ∈ Ω0
T ,

P−→ +∞ ω ∈ Ω+
T ,

(4.2)

(with Lst denoting stable convergence in law and N (0, 1) denoting a stan-

dard normal random variable) we can construct the following critical region:

Cn =

{√
kn∆n

∆$β
n

U(H, kn)T√
U(G, kn)T

> zã

}
, (4.3)

where zã denotes the symmetric ã-quantile of a standard normal random

variable W , that is, P(W > zã) = ã.

Corollary 4. Suppose that the same assumptions as in Theorem 2 hold.

Then, with a feasible choice of the function H, the critical region (4.3) has

asymptotic level ã for testing the null hypothesis Ωno
T (or Ω0

T ), and asymp-

totic power 1 for the alternative Ωself
T .

If P(Ω−T ) = 0, we can choose functions with property (3.2), such as

the function in (A.1), and rely on Theorem 3 to construct a meaningful

critical region under the null Ω(0). The limiting variances of U and U ′ (in

(3.14)) are tedious to compute analytically. A more straightforward way is

to employ the following Monte Carlo procedure: take a sequence Mn → ∞

and simulate independent standard normal random variables W−i (m) and
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W+
i (m), for m = 1, · · · ,Mn. Then set

U(n,m) =
αβCβ(2)

2
(
Cβ(1)

)2 [T/∆n]−kn∑
i=kn+1

(
H ′′33(Xi−1, Xi, λ̂i−kn−1, λ̂i)λ̂i−kn−1(W−i (m))2

+H ′′44(Xi−1, Xi, λ̂i−kn−1, λi)λ̂i(W
+
i (m))2

+ 2H ′′34(Xi−1, Xi, λ̂i−kn−1, λi)

√
λ̂i−kn−1λ̂iW

−
i (m)W+

i (m)
)
.

Next, arrange the sequence of these simulated variables in descending order,

U(n)(1) ≥ U(n)(2) ≥ · · · ≥ U(n)(Nn), and the critical region is given by

Cn =

{
kn∆n

∆$β
n

|U(H, kn)T | > U(n)([ãNn])

}
. (4.4)

Corollary 5. Suppose that the set Ω−T is of zero probability and the same

assumptions as in Theorem 3 hold with the function H satisfying (3.2). Then

the critical region (4.4) has asymptotic level ã for testing the null hypothesis

Ω0
T , and asymptotic power 1 for the alternative Ωself

T .

4.2 Testing the null hypothesis of “self-excitation”

In this section, the null hypothesis becomes self-excitation, or ω ∈ Ωself
T .

Again, if we do not assume that Ω−T is of zero probability, we can choose the

function H given in (A.2) or the like. Then, using the same notation as in

the previous subsection, we get a critical region as follows:

Cn =

{√
kn∆n

∆$β
n

U(H, kn)T√
U(G, kn)T

≤ −zã

}
. (4.5)
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One may note this critical region is trivially the “opposite” of (4.3). Yet, if

we do not assume P(Ω−T ) = 0, this is probably the best that can be achieved.

If we impose the assumption that P(Ω−T ) = 0, then there is only one

possible alternative left, ω ∈ Ω0
T . Hence, we have more appropriate choices

for the function H, as long as (3.2) is satisfied, and the limiting processes

in Theorem 3 do not vanish on ω ∈ Ω0
T .

However, an important difficulty still remains. Unlike in the previous

situation in which we knew U(H)(ω)T = 0 under the null ω ∈ Ω0
T , now

we have no knowledge about it, other than that it should be positive on

Ω+
T . Therefore, under the null hypothesis ω ∈ Ωself

T , U(H, kn)T can not be

regarded as the finite sample estimation error any more. Thus, it is unclear

how to provide an “absolute” error based critical region other than (4.5).

Therefore, we turn to the relative estimation error given by

Rn =
U(H,wkn)T − U(H, kn)T

U(H, kn)T
, (4.6)

for an integer w ≥ 2. Upon combining Theorems 1 and 3, we obtain the

following asymptotic behavior of the ratio Rn:


Rn

P−→ 0, on the set Ωself
T ,

Rn
Lst−−→ U

′
T

UT
− 1 6= 0, on the set Ω0

T .

In words, the ratio Rn has a degenerate distribution located at the point

zero on the set Ωself
T , while it has F-conditionally a density on Ω0

T , hence is

different from zero with probability one. Such a distinction enables us to
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construct a test based on how much the relative estimation error deviates

from the point zero.

First note that

Rn =
(U(H,wkn)T − U(H)T )− (U(H, kn)T − U(H)T )

U(H, kn)T
,

where the numerator on the right-hand side converges stably in law to a

Gaussian random variable, and the denominator converges in probability to

U(H)T , in restriction to the set Ωself
T . On the set Ωself

T , we do not have to

worry about the degeneracy problem. Hence, we can make use of Theorem

2 to compute the asymptotic variance. Then, by the continuous mapping

theorem, we obtain

√
kn∆n

∆$β
n

Rn
Lst−−→

√
w − 1 U ′T − (w − 1) UT

w U(H)T
,

and the critical region is

Cn = {|Rn| > zã
√
Vn}, (4.7)

with Vn = ∆$β
n

kn∆n

(w−1)U(G,kn)T
w(U(H,kn)T )2

, where the function G is the same as in (4.1).

One important remark should be made about the asymptotic power of

this critical region. On the set Ω0
T , the variable |Rn|/

√
Vn converges stably

in law to a limit V, which is a.s. non-vanishing. In other words, |Rn|/
√
Vn

does not diverge to infinity under the alternative hypothesis. The asymptotic
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power of our test is

b̃ = inf
(
P
(
|Rn| > zã

√
Vn | A

)
: A ∈ F , A ⊂ Ωno

T ,P(A) > 0
)
,

and there is no guarantee that this quantity is close to 1. To solve this prob-

lem, we employ the same idea as in Jacod and Todorov (2010) to truncate

the estimated variance Vn: choose a sequence of positive numbers vn such

that

vn → 0, and
knvn∆n

∆$β
n

→∞,

and define V ′n = Vn ∧ vn. Now the critical region becomes

C ′n = {|Rn| > zã
√
V ′n}. (4.8)

The rationale is as follows. Observe that

kn∆n

∆$β
n

V ′n =
(w − 1)U(G, kn)T
w(U(H, kn)T )2

∧ knvn∆n

∆$β
n

.

Then, restricted to the set Ω+
T , the first term on the right-hand side, equiv-

alent to kn∆nVn/∆
$β
n , converges to a positive finite limit. Consequently,

we have P(Vn = V ′n) → 1. In other words, this truncation does not have

an asymptotic effect on the size of this test. But it will increase its power

against the alternative.

Corollary 6. Suppose that the set Ω−T is of zero probability and the same

assumptions as in Theorem 3 hold with the function H satisfying (3.2).
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Then the critical regions (4.7) and (4.8) have asymptotic level ã for testing

the null hypothesis Ωself
T . In addition, (4.8) has asymptotic power 1 for the

alternative Ω0
T .

Remark 11. Based on the analysis above, one could also perform a two

stage test, without assuming P(Ω−T ) = 0. First, one employs a function H

satisfying (3.2) to test ω ∈ Ω+
T ∪ Ω−T against ω ∈ Ω0

T , since the ratio Rn

converges in probability to 1 on the set Ω−T , too. Next, if one does not reject

the null, one uses the critical region (4.5) (with an appropriate choice of H)

to test ω ∈ Ω+
T against ω ∈ Ω−T .

5 Monte Carlo Study

Throughout this section, we adopt a sampling scheme with a total obser-

vation length of one week (i.e., T = 5/252) and a sampling frequency of 5

seconds so that ∆n = (5/252)/23,400, assuming 252 trading days per annum

and 6.5 trading hours per day. Furthermore, we take $ = 1/3, ρ = 0.6 and

kn = [∆−ρn ] (cf. conditions (3.7) and (3.10)). Finally, we take β = 1.25,

in view of the fact that the estimated values of β in Aı̈t-Sahalia and Jacod

(2009a) and Jing et al. (2012b) are all larger than 1.8 For all the experiments

in this section, we conduct 5,000 simulations.

To assess the finite sample testing power and size, we consider two mod-

els, one with and one without self-excitation in jumps. The basic setting is

given by the following dynamics (additional Monte Carlo results are given

8The results for β = 1.5 or β = 1.75 are similar.
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in the online appendix):


dXt = σtdWt + λt−dYt,

dσ2
t = κ(θ − σ2

t )dt+ ησtdB̃t,

dλt = κλ(λ∞ − λt)dt+ ηλdB̃
′
t + ξ 1{|∆Xt|>ε}.

(5.1)

Here, W and B̃ are two standard Brownian motions with E(dWtdB̃t) = ϕdt,

B̃′ is a standard Brownian motion independent of B̃ and W , and Y is a β-

stable process. As in Aı̈t-Sahalia and Jacod (2009a) and Jing et al. (2012b),

we take κ = 5, θ = 1/16, η = 0.5 and ϕ = −0.5. The novelty in this setting,

and the key interest in this paper, appears in the third equation, in which

we allow increments of X with absolute value larger than some threshold ε

to excite the jump intensity, as long as ξ > 0. As a benchmark parameter

specification, we set κλ = 1,400, ηλ = 200 and ε = 120
√
θ∆$

n . The mean

reversion level λ∞ is calibrated to deliver a pre-specified value of the tail

probability (specifically, we use 0.25%; see the online appendix for details).

We study test statistics based on the following form of the function H

(adopting the notation of Assumption 3 and Example A.2):

H(p, q) =

 g0(x2 − x1) · (y2 − y1)q · 1{|x2−x1|≥ε}, p = 0;

g2,p(x2 − x1) · (y2 − y1)q · 1{|x2−x1|≥ε}, p > 2;

where ε > 0. To distinguish between the three sets Ω−T , Ω0
T and Ω+

T , one

can consider, for example, H(6, 1) and H(0, 1), which do not satisfy the

degeneracy condition (3.12). With such choices, Theorem 2 yields the re-

sult displayed in (4.2). Recall that we constructed the critical region (4.3)
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based on the asymptotic normality of tn under the null ω ∈ Ω(0). Figure 1

illustrates kernel density estimates of tn on the set Ω(0), for different choices

of the function H, and of the function g used for spot jump intensity esti-

mation. Throughout this section, we use Jing et al. (2012b) to estimate β.

The results indicate that the behavior of tn is close to that of a standard

normal random variable in finite samples, as desired.

Figure 2 shows the size and power of the test for the null hypothesis

of no self-excitation based on tn. When ξ = 0, in which case all outcomes

necessarily belong to Ω(0), the percentages of rejection (which happens when

tn > zã) are all close to their corresponding nominal level, indicating a well-

behaved size. The power is also quite good. Note that the testing power

depends on the speed of
√
kn∆

(1−$β)/2
n diverging to infinity, which is mod-

erate, a fact reflecting the inherent difficulties in recovering the latent jump

intensity. If we increase (decrease) ξ or decrease (increase) κλ, implying

a larger (smaller) or longer (shorter) effect, respectively, the testing power

will be stronger (weaker), as we will see below. Note also that a potentially

somewhat limited testing power of the no self-excitation test means that

it is unlikely to yield spurious detection of self-excitation. Therefore, the

empirical evidence of self-excitation that we find in our empirical analysis is

only a conservative estimate, making it even more convincing.

Next, we proceed to the test for the null hypothesis of self-excitation

based on the relative estimation error Rn presented in Section 4.2. This test

relies on the behavior of U(H, kn)t and U(H,wkn)t, where we take w = 2. In

finite samples, the local observations within ranges kn and wkn can be quite

different. At the same time, the spot jump intensity estimation is sensitive
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to the realized jump sizes. Nevertheless, we found that e.g., the choice of

H = H(0, 2) yields desirable results, illustrated in Figure 3. Although when

the null hypothesis is true, the rejection rates differ somewhat from their

corresponding nominal levels at low levels, these deviations remain small

and acceptable. Furthermore, the power is simply excellent.

Finally, we present simulation results for the various alternative sets of

parameter values displayed in Table 1. The sets are obtained by letting only

one of the parameters deviate from the benchmark parameter specification.

(We recall that the benchmark parameter specification is given by κλ =

1,400, ηλ = 200, ξ = 50, and ελ = 120, with ε = ελ
√
θ∆$

n , which corresponds

to parameter set 1 in the table.) The results are in Table A.1 in the online

appendix.

Table 1: Alternative sets of parameter values

1 2 3 4 5 6 7 8 9

κλ 1,400 1,000 1,800 1,400 1,400 1,400 1,400 1,400 1,400
ηλ 200 200 200 100 300 200 200 200 200
ξ 50 50 50 50 50 40 60 50 50
ελ 120 120 120 120 120 120 120 100 140

Note: This table displays 9 sets of parameter values, obtained by letting only one
of the parameters deviate from the benchmark parameter specification, given by
parameter set 1.

The parameter κλ controls the speed of mean reversion of the jump

intensity process. The faster the jump intensity reverts back to its long-

run level after the occurrence of an intensity jump, the lower the post-jump

local average jump intensity, and the shorter (hence, less pronounced) the

self-excitation effect. Consequently, a larger (smaller) value of κλ tends to

decrease (increase) the power of the no self-excitation test. The size of the
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self-excitation test is not much affected by changes in κλ. Changes in the

parameter ηλ have little impact on both the testing size and the testing

power, essentially because, once a jump occurs, the diffusive increments are

dominated by the jump component. The parameter ξ controls the magnitude

by which the jump intensity process changes due to the self-excitation effect.

Consequently, a larger (smaller) value of ξ leads to a larger (smaller) effect

and increases (decreases) the testing power. At the same time, we observe

that a larger (smaller) value of ξ also leads to slightly higher (lower) rejection

rates for the self-excitation test, which, depending on the function g used for

spot jump intensity estimation, leads to an improvement or deterioration of

the testing size. Finally, a larger value of ελ means that fewer price jumps

can excite the jump intensity process, hence decreases the effective sample

size. Consequently, a larger (smaller) value of ελ tends to decrease (increase)

the power of the no self-excitation test. As for the self-excitation test, we

observe that the rejection rates slightly decrease (increase) as ελ increases

(decreases).

In the online appendix, we also analyze the performance of our tests

when (i) the data generating process is, in fact, a tempered stable process

and (ii) when volatility jumps are present. The results show that the testing

functions used in our empirical analysis don’t generate false detection of self-

excitation in these cases. In sum, the Monte Carlo results show that our

tests have good power and size properties under reasonable sets of parameter

values.
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6 Empirical Application

Supported by the Monte Carlo results, we now apply our tests to real equity

data. In our empirical application, we use 5-seconds Dow Jones equity index

data from July 1, 2003, until February 8, 2013, including 2,426 trading days

(502 weeks). The volatility signature plot of these index data, which are

constructed from very liquid stocks, does not provide evidence of market

microstructure noise9. We implement the tests introduced in Sections 4.1

and 4.2 on a weekly basis. Our purpose is to analyze how frequently (in

how many trading weeks) we observe statistical evidence of self-excitation

in jumps. That is, we don’t aim to test (against) the hypothesis of complete

absence of self-excitation in all trading weeks. If this were the purpose, one

could implement our tests on the whole sample rather than on a weekly

basis. With 5-seconds data, the number of observations within one week is

23,400, which is consistent with the setup of the Monte Carlo experiments.

Our choices of the constants and sequence $, ρ, kn and w exactly mimic our

Monte Carlo study, to which we refer for details. Furthermore, throughout

this section, α∆$
n is taken to be the square root of the integrated volatility

over [0, T ] times 5
√

∆n/T , and β is again estimated using Jing et al. (2012b).

We subdivide those trading weeks that exhibit jumps exceeding a given

threshold level into the following four categories, based on a significance

9In the case prices are contaminated by (non-vanishing) microstructure noise, the re-
alized variation should be a positive linear function of 1/k with k the sampling frequency
(in seconds). This is not the case. On the contrary, we observe that the realized variation
is a decreasing function of 1/k. This is not very surprising in view of the fact that the Dow
Jones index consists of highly liquid stocks that trade at high frequency (sub-second dura-
tions in most cases). Even if the individual stocks are affected by different microstructure
noise sequences, as long as these noise sequences are idiosyncratic, their effects are likely
to cancel out in the index.
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level of 5% for the two tests; Table 2 summarizes the empirical results of

ω ∈ ΩE ,+
(τi,τi+1] given in (4.1), where E = (−∞,−ε) ∪ (ε,∞) and (τi, τi+1] is

the i-th testing period (1-week here and 4-week in the online appendix). We

choose different values for ε to investigate whether larger jumps are more

likely to excite the intensity process.

Category 1. The first category consists of those trading weeks among the

trading weeks that exhibit jumps exceeding a given threshold level in

which both tests suggest that there is self-excitation in jumps, i.e., the

no self-excitation test rejects its null hypothesis while at the same time

the self-excitation test does not reject its null hypothesis. We would

expect this category to capture those trading weeks that constitute the

most instable periods at the financial market. We find a noticeable

proportion of weeks falling into this category. For instance, when

considering log-price jumps with a magnitude larger than 0.1%, there

are 102 weeks that exhibit such “double evidence” of self-excitation,

using g = g2,6 for spot jump intensity estimation.10 As can be seen

from the table, the results are quite robust to the choice of the function

g used for estimating spot jump intensities. An interesting pattern is

that the frequencies of trading weeks falling into this category increase

with the threshold level ε. This finding suggests that large log-price

jumps are more likely to trigger self-excitation. Intuitively, large log-

10One may note that when the truncation level of the jump size is set to be 0.05%, the
corresponding number is 500 ∗ 0.1240 = 62 < 102, which is seemingly a contradiction.
However, recall the problem of overlapping intervals that we discussed in Remark 8. This
problem is more severe when the threshold level is low and will lead to a larger finite
sample variance. It is quite possible that this problem of overlapping intervals reduces the
power of the no self-excitation test by more than it increases the size of the self-excitation
test, thus yielding the “contradiction”.
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price jumps often contain information about big unexpected events

(bankruptcy, default, etc.), hence tend to trigger chain reactions. The

results confirm this intuition.11

Category 2. The second category consists of those trading weeks among the

trading weeks that exhibit jumps exceeding a given threshold level in

which both tests indicate no self-excitation, either because there is

no intensity jump, or because the log-price process and its stochastic

intensity jump at different times. We would expect the market to be

relatively stable during these weeks. Again, the results are robust to

the choice of g. Note that there appears to be a declining trend in the

frequencies as the threshold level increases from 0.05% to 0.3%. This is

consistent with the pattern we found in the first category. It confirms

the belief that large jumps are more likely to have a persistent effect.

Category 3. The third category consists of those trading weeks among the

trading weeks that exhibit jumps exceeding a given threshold level in

which both tests reject their null hypothesis. A potential explanation

of such seemingly contradicting outcome, is that these weeks contain

both common and disjoint jumps of the log-price process and its sto-

chastic jump intensity. The percentages in this category are slightly

larger in case we use g = g2,6, yet the overall pattern is the same.

Category 4. The last category consists of those trading weeks among the

11Let 0 < ε1 < ε2. Suppose that within a period [τi, τi+1] only one jump is larger (in
absolute value) than ε2 and it excites the intensity. In addition, suppose there are two
jumps in the interval (ε1, ε2] but only one excites the intensity. Then, it is more likely not

to reject the hypothesis ω ∈ Ω
(E ,+)

(τi,τi+1]
when ε = ε2 than when ε = ε1. Thus, the results

suggest that larger jumps are more likely to excite the intensity process.
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trading weeks that exhibit jumps exceeding a given threshold level in

which the null hypotheses of both tests are not rejected. Jointly with

Category 3, it contains the inconclusive results from the two tests.

As a first robustness check, we report in our online appendix Boswijk

et al. (2017) the test results obtained by using a significance level of 1%

instead of 5%. The pattern remains almost identical. As a second robustness

check, we report in our online appendix the test results obtained by using a

sampling interval of 30 seconds, instead of 5 seconds, and a total length of

the observation period of 4 weeks, instead of 1 week. We find that at a 5%

significance level 17 4-weeks periods exhibit self-excitation. This amounts

to a total of one and a half year.

Next, we take the signs of the asset price jumps into account, in order

to assess potential asymmetry effects, and allow both negative and positive

asset price jumps to have their own stochastic jump intensity processes, as

in Remark 5. In turn, both stochastic jump intensity processes may, or may

not, be excited by negative and/or positive asset price jumps. One may

interpret excitation of the negative (positive) jump intensity process due

to positive (negative) asset price jumps as a “correction”, while excitation

of the negative (positive) jump intensity process due to negative (positive)

asset price jumps may be viewed as a “reinforcement”. Table 3 reports,

for both types of jumps, the frequencies of weeks identified to exhibit an

excitation effect. Here, trading weeks exhibit excitation if both the null

hypothesis of no excitation is rejected and the null hypothesis of excitation

is not rejected. We find in general that excitation of both the negative and
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positive jump intensity processes is more prevalent with negative asset price

jumps. The results suggest that small asset price jumps ([0.05%, 0.10%)),

irrespective of whether negative or positive, are somewhat more likely to be

corrected than reinforced. As we move to higher jump size levels, a positive

asset price jump becomes more and more likely to be reinforced rather than

corrected. Such a pattern is also present with negative asset price jumps,

but to a lesser extent.

For comparison purposes, we also report results of the volatility co-jump

test of Jacod and Todorov (2010). Among those 94 weeks that contain

(a) jump(s) larger than 0.3% (at 5-sec), there are 19 weeks exhibiting both

volatility and intensity co-jumps, 12 weeks with intensity co-jumps only,

32 weeks with volatility co-jumps only, and 31 weeks with no evidence of

any type of co-jump at all (using the Bonferoni Correction). An interesting

period is February to April 2008. In February, two weeks (with jumps larger

than 0.3%, same below) exhibited both types of co-jumps. But then in the

following relevant 3 weeks in March and April, only price-intensity jumps

are identified.

Finally, we identify the exact dates of the weeks that exhibit self-excitation,

to see when the self-excitation phenomenon is most pronounced. The results

are visualized in Figure 4, in which we plot the time series of the Dow Jones

equity index and indicate the weeks that exhibit self-excitation. Precisely,

the indicated weeks contain jumps of size larger than 0.3% (irrespective of

whether positive or negative) and fall into Category 1 under a 5% signifi-

cance level, both when using g = g2,6 and when using g = g0 for spot jump

intensity estimation. As can be seen from the figure, the self-excitation
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phenomenon is most pronounced around crises times (e.g., fall of 2008).

7 Conclusions

This paper first extends the concept of self-excitation in jumps to a rich class

of continuous time semimartingale models accommodating infinite-activity

jumps. Self-excitation in jumps relaxes the commonly adopted assumption

that jump increments in continuous time financial models are serially in-

dependent, by allowing realized jumps to exert a positive feedback effect

onto their own stochastic jump intensity processes. Models that allow for

self-excitation in jumps are more capable of reproducing the jump clustering

phenomenon observed during financial crises.

Next, we propose functionals of the log-price process and its stochastic

jump intensity, that behave distinctly on the disjoint outcome sets of self-

excitation in jumps and of no self-excitation in jumps, construct estimators

of these functionals and derive their intricate asymptotic properties. Then,

we design statistical tests under two (complementary) null hypotheses to

control for both type I and type II errors. We analyze the finite sample

performance of these tests in Monte Carlo simulations.

Finally, we apply the testing procedures to real equity data. We find sub-

stantial evidence of self-excitation in jumps, particularly in negative price

jumps. Given our empirical findings, it is of critical importance to recon-

sider the commonly adopted assumption of serial independence on the jump

component of a continuous time financial model.
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Figure 1: Standard normal probability density (black dash dotted curve) and kernel
density estimates of tn on the set Ω(0) obtained from Monte Carlo simulations, with
H = H(6, 1) in the left panel and H = H(0, 1) in the right panel. The red solid curve
corresponds to using g = g0 in spot jump intensity estimation (see Assumption 3) and the
blue dashed curve corresponds to using g = g2,6 (see Example A.2).
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Figure 2: Size and power of the test for no self-excitation based on tn, with H = H(6, 1)
in the upper panel and H = H(0, 1) in the lower panel. The red solid curve corresponds
to g = g2,6 (see Example A.2) and the blue dashed curve to g = g0 (see Assumption 3).
The x-axis shows the nominal level ã of the test, while the y-axis shows the percentages
of rejection (which happens when tn > zã) in the Monte Carlo simulated sample.
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Figure 3: Size and power of the test for self-excitation based on Rn, with H = H(6, 2)
in the upper panel and H = H(0, 2) in the lower panel. The red solid curve corresponds
to g = g2,6 (see Example A.2) and the blue dashed curve to g = g0 (see Assumption 3).
The x-axis shows the nominal level ã of the test, while the y-axis shows the percentages
of rejection (which happens when |Rn| > zã/2

√
Vn) in the Monte Carlo simulated sample.

51



Figure 4: Dates of the weeks that exhibit self-excitation. The vertical red bars indicate
the weeks that exhibit self-excitation. These weeks contain jumps of size larger than 0.3%
and belong to Category 1 under a 5% significance level, both when using g = g2,6 and
when using g = g0 for spot jump intensity estimation. The time series of the Dow Jones
equity index is displayed in blue.
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Tables

Table 2: Test results on a 5-sec and 1-week basis, under a 5% significance level

Jump
size

# of
weeks

Category 1 Category 2 Category 3 Category 4 Bonferoni BH
Self-excitation No-self Both reject Neither reject Correction Correction

> 0.05% 500 12.40% (62) 35.40% 35.20% 17.00% 9.8% (49) 9.8% (49)
> 0.1% 422 24.17% (102) 11.37% 34.12% 30.33% 19.43% (82) 21.09% (89)
> 0.2% 201 36.82% (74) 7.46% 23.38% 32.34% 24.38% (49) 34.33% (69)
> 0.3% 94 43.62% (41) 6.38% 17.02% 32.98% 32.98% (31) 37.23% (35)

> 0.05% 500 12.00% (60) 34.60% 29.00% 24.20% 7.8% (39) 9.20% (46)
> 0.1% 422 28.20% (119) 8.53% 25.36% 35.55% 17.3% (73) 24.64% (104)
> 0.2% 201 37.81% (76) 5.47% 18.41% 37.31% 21.89% (44) 33.83% (68)
> 0.3% 94 41.49% (39) 4.26% 12.77% 38.30% 23.4% (22) 32.98% (31)

Note: The first column lists various threshold levels for log-price jumps. The second column displays the corresponding number of
weeks containing jumps larger than this threshold. The next four columns display the frequencies with which such trading weeks fall
into each of the four categories. The last two columns display the Bonferoni and Benjamini-Hochberg corrections corresponding to
the testing results for Category 1. We also report the corresponding number of weeks (between brackets) for the first category. The
upper panel corresponds to g = g2,6 and the lower panel to g = g0. In both panels, we employ H(0, 1) when the null hypothesis is no
self-excitation and employ H(0, 2) when the null hypothesis is self-excitation, consistent with the Monte Carlo experiments.
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Table 3: Asymmetry effects of negative and positive asset price jumps on a 5-sec and 1-week basis, under a 5% significance level

Jump
size

# of
weeks

Negative price jump # of
weeks

Positive price jump
Neg. intensity Pos. intensity Neg. intensity Pos. intensity

[0.05%, 0.10%) 470 16.81% (6.17%) 19.57% (15.32%) 491 15.48% (8.15%) 10.79% (2.65%)
[0.10%, 0.15%) 293 26.62% (17.75%) 25.60% (18.77%) 312 22.76% (13.78%) 24.68% (16.67%)
[0.15%, 0.20%) 159 30.19% (22.01%) 30.82% (24.53%) 164 17.68% (10.98%) 25.00% (20.12%)
[0.20%, 0.25%) 85 38.82% (36.47%) 35.29% (24.71%) 88 20.45% (10.23%) 28.41% (26.14%))
[0.25%,+∞) 106 34.91% (30.19%) 33.96% (26.42%) 83 14.46% (7.23%) 36.14% (28.92%)

[0.05%, 0.10%) 470 16.60% (4.04%) 19.57% (9.15%) 491 15.68% (5.30%) 9.98% (2.04%)
[0.10%, 0.15%) 293 23.55% (15.70%) 22.53% (13.99%) 312 17.31% (6.41%) 23.72% (13.78%)
[0.15%, 0.20%) 159 28.93% (22.64%) 32.08% (20.75%) 164 17.68% (7.32%) 24.39% (14.63%)
[0.20%, 0.25%) 85 38.82% (29.41%) 31.76% (30.59%) 88 20.45% (7.95%) 28.41% (19.32%)
[0.25%,+∞) 106 36.79% (32.08%) 31.13% (16.98%) 83 14.46% (7.23%) 37.35% (32.53%)

Note: The first column lists various jump size intervals. The second and fifth columns display the number of weeks containing negative
and positive jumps of this size, respectively. The remaining four columns display the frequencies with which such trading weeks are
identified to exhibit excitation from negative (positive) asset price jumps to the negative (positive) jump intensity processes. The numbers
in parentheses are the corresponding Benjamini-Hochberg corrections. Trading weeks exhibit excitation if both the null hypothesis of no
excitation is rejected and the null hypothesis of excitation is not rejected. The upper panel corresponds to g = g2,6 and the lower panel
to g = g0. In both panels, we employ H(0, 1) when the null hypothesis is no excitation and employ H(0, 2) when the null hypothesis is
excitation.
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