
STATISTICAL MECHANICS    June 17, 2010 

Answer TWO of the three questions.  Please indicate on the first page which 
questions you have answered. 

Some information: 

Boltzmann’s constant, kB = 1.38 X 10-23

1 nuclear magneton = 5.05 X 10

 J/K 

-27

  

 J/T 

Maxwell-Boltzmann distribution:  

 

Here and in equations below, τ = kB

 

T. 

1. The partition function for a single particle of mass m in volume V, ignoring 
internal structure, is  

 
a) If the particle has internal states with energies ε0, ε1, ... εν

b) Using Maxwell-Boltzmann statistics, write an equation for the partition 
function, Z, for a system of N such (indistinguishable) particles in the volume, 
and for log Z.  Justify these equations. 

, define the internal 
partition function, z. 

c) Derive equations for the internal energy, U, and the pressure, in terms of z. 
d)  Suppose there are just two internal states, ε0 = 0, ε1

e) Derive an equation for the contribution to the heat capacity, C

 = δ.  Derive an equation 
for the contribution to the entropy from the internal states in terms of δ and 
τ. 

V, from the 
internal states, and sketch a graph of CV,int 

 

 as a function of τ.  Discuss its 
behavior as τ approaches 0 and infinity, and explain its behavior in words. 

 



2. a) Starting with the Maxwell-Boltzmann distribution for molecules in a 
volume V, show that the number of molecules escaping per second through a 
small hole of area A is 

  

b) An ideal gas is contained in a box of volume V and kept at constant 
temperature, τ.  The box has a partition that divides it into two equal parts, 
with a small hole of area A in the partition.  At time = 0 pressure in the left 
half of the box is pL0 and pressure in the right half is pR0, with pL0 > pR0

i.) Derive an equation for the variation of p
.    

L with time, and find the 
equilibrium values of pL and pR

ii.) Find the change in entropy from the initial state to the equilibrium state. 
. 

 

3. A system of N non-interacting protons is in a magnetic field H along the z 
axis, and kept at constant temperature.  Each proton has magnetic moment = 
2.79 nuclear magnetons.   
 
a) Derive an expression for the equilibrium magnetization, Mz

b) Define a dimensionless parameter η which must be small in order for M

, of the 
system. 

z

c) Assuming η is small, derive an expression for the magnetic susceptibility, 
χ (the coefficient of H in this proportionality). 

 
to be proportional to H. 

d) Take H = 0.2 Tesla and temperature = 0.01 K, and show that the 
approximation is good. 

e) In terms of N and η, calculate the mean value of N+

f) Also in terms of N and η, calculate the width of the distribution about this 
mean, viz. 

, the number of spins 
along the positive z axis, and show that it is only slightly greater than 
N/2.  Also give the probability that a given proton has its spin along the 
positive z axis? 

 
g) Approximately how small must N be in order that  

 



 (i.e. there is a reasonable probability that N+ < ½, and Mz is negative).  



FIRST EXAMINATION – STATISTICAL MECHANICS 

JANUARY, 2011 

 

Choose TWO of the following three problems.  Please indicate on the front of the 
exam booklet which questions you are submitting. 

Some information:  ħ = 1.055 X 10-34 J-s, nucleon mass = 1.674 X 10-27 kg, 1 MeV = 
1.602 X 10-13 J, Boltzmann’s const. kB = 1.38 X 10-23 J/K. 

Fermi energy, εf = [ħ2/2m][3π2n/(g/2)]2/3, “g” = spin/isospin degeneracy. 

In equations below, τ = kBT, where T is the Kelvin temperature. 

1. A photon gas is in equilibrium at temperature τ.  Consider the partition 
function associated with the mode of energy ħω: 

Z = Σexp[-nħω/τ]. 

where the sum is over n =0, 1, 2,… .  

A. (a) Find Z in closed form. 

(b) Calculate the mean value, <n>. 

(c) Show that <n+1>/<n> = exp[ħω/τ], or 

   ħω/τ = log[<n+1>/<n>] 

(d) Using these results, derive an expression for τ(dZ/dτ) in terms of the 
mean values alone. 

{Since the entropy, σ = d(τ logZ)/dτ, and hence can be written in terms of Z 
and dZ/dτ, it follows that the entropy can be written in terms of the mean 
values alone.  You do not have to prove this.} 

B. (a) Write (do not derive) the corresponding expression for the mean 
number of particles in a given mode for the general case of Bose-Einstein 
statistics.  This will be in terms of the chemical potential, µ. 

(b) Define the chemical potential in terms of the free energy, F. 

(c) Explain in words the difference between the general case and the 
photon case. 



 

2. A nucleus may be thought of as a low temperature fermi gas of A nucleons.  Each 
nucleon can exist in one of 4 states:  proton or neutron, each with spin up or spin 
down.  The ground state corresponds to temperature τ = 0, and low excited states 
correspond to τ small in the sense that 

   τ << εf ,  (1) 

 where εf  is the Fermi energy.   

 Experiment shows that nuclei are spherical, with radii given by 

   R = r0A1/3, and r0 = 1.12 X 10-15 m. 

Theory shows (do not derive) that at low temperature the energy of a fermi gas is 
given by 

   U = (3/5)Aεf + γτ2,  

where γ = bA/εf, and b is a dimensionless quantity of order 1.   

(a) Find εf in MeV. 

(b) Show that for excitation energies E* of a few MeV and for a medium-sized 
nucleus, the approximation (1) above is good. 

(c) In this region there are many energy levels in a given energy interval, δU.  
Let ω(U)δU be the number of levels in δU.  Recall that the number of 
levels is related to the entropy, and use the definition of temperature in 
terms of entropy: 

1/τ = dσ/dU.  

 Derive an equation for ω(U) in terms of the excitation energy, E* 

 

3. (a) In a chemical reaction taking place at constant volume, the free energy  

(F = U - τσ) approaches a minimum as the system approaches equilibrium.  Prove 
this, starting with the fact that for an isolated system the total entropy approaches 
a maximum. 

(b) Consider the chemical reaction for producing ammonia: 



N2 + 3H2 <--> 2ΝΗ3. 

Write the law of mass action, the equation which relates the number densities (nN, 
nH, nA, for molecules of nitrogen, hydrogen, and ammonia, respectively) to the 
equilibrium constant, Kc.  Re-write this in terms of the number of molecules, NN, 
NH, NA. 

(c) Assume the system starts with N0 molecules of nitrogen, 3N0 molecules of 
hydrogen (and no ammonia).  Derive the equation for NA, the number of molecules 
of ammonia at equilibrium, in terms of Kc and the volume.  Don’t try to solve this 
equation, but show, preferably including a rough graph, how one would find the 
solution.  Discuss the limits at large and small volume. 

(d) What is the general rule about which way a chemical reaction goes, depending 
on the volume?  Explain your answer. 
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FIRST EXAMINATION    STATISTICAL MECHANICS 

June 16, 2011 

Answer TWO of the three questions.  SHOW ALL WORK. 

In all questions, τ is Boltzmann’s constant times the Kelvin temperature.  

Some information is given at the end of the exam. 

1. A system is kept at constant pressure and temperature.   

a) Show that as it approaches equilibrium the Gibbs free energy  
(G = U + pV - τσ) approaches a minimum.   

b) Suppose the system consists of N molecules of a gas.  Let µ be the 
chemical potential of the molecule.  Show that G = Nµ. 

c) Suppose the system consists of two phases, 1 and 2 (for example, gas and 
liquid) with chemical potentials µ1 and µ2.  Show that at equilibrium  
µ1 = µ2. 

d) Consider the case of a super-heated liquid.  The temperature is slightly 
above the boiling point, but a gas is not produced because in order to 
produce a spherical bubble of gas G would have to increase.  The radius of 
the bubble is R.  Analyze this situation quantitatively by defining: 

 
Explain why we expect that 

 
e) Explain why the system may remain in equilibrium as a liquid.   

 
2. Two identical particles are confined in a volume V.  They interact with a 

potential energy u(r) = -u0 exp[-(r/r0)2], where r is the distance between them; 
u0 is positive. Treat this problem classically, assuming six-dimensional phase 
space is divided into hyper-cubes of volume δxδpx δyδpy δzδpz, which can be 
called (h0)3.  Each cube corresponds to one mode. 

a) Derive an expression for the partition function to lowest order in u/τ; 
that is, assume the potential is small compared to the temperature in energy units. 

b) Calculate the pressure, and the energy, U.  (CONTINUED) 
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c) Discuss the equations for p and U qualitatively, considering the signs of the 
corrections to the ideal gas values, and the dependence on u0 and r0.  

d) Discuss briefly (in less than half a page) what is involved in solving this problem 
for three or more particles. 
 

3. Consider a nucleus to be a zero temperature fermi gas, with fermi energy, εf = 
39 MeV.   
a) Find vf/c, where vf  is the fermi velocity (εf = (1/2)Mvf2). 
b) Find the mean speed in terms of vf. 
c) For a low temperature fermi gas of A particles, the heat capacity is, in 

order of magnitude, 

 
Explain qualitatively why CV takes this form. 

d) Write an equation for the energy needed to heat a nucleus from zero 
temperature to temperature τ. 

e) A nucleus with A1 nucleons is accelerated to an energy of 5 MeV/nucleon.  
It collides with a second nucleus (with A2 nucleons) at rest.  A compound 
nucleus with A1 + A2 nucleons is formed.  [This is a “completely inelastic” 
collision.]  Derive an equation for the temperature of the compound 
nucleus in units of MeV.  Take A1 = 20; A2 = 200.  Find τ in MeV. 

f) Is it a good approximation to say that the fermi gas is at low temperature?  
Explain. 
_____________________________________________________________________

 

 
 

Mass of a nucleon (proton or neutron), Mc2 = 938 MeV 
 

 







Qualifying Exams, June 2012 
 

Statistical Mechanics 

 

- Solve two out of the following three problems.  Indicate clearly which two problems you 
choose to solve.  If you do not indicate which problems you wish to be graded, the first two 
problems will be graded.  SHOW ALL YOUR CALCULATIONS. 

- Put your identification number on each page. 

 
 

1) Consider a very large box containing an ideal gas at pressure P and temperature T.  The walls 
of the box have N0 absorbing sites, each of which can absorb one molecule of the gas. Let (-ε) be 
the energy of an absorbed molecule.  
(A) Find the fugacity zg=exp(βμ) of the gas in terms of T and P.  
(B) Find the mean number of absorbed molecules <N>. 
(C) Express <N> as function of T, P, and N0. Find the limits of <N> for large and small values of 
P. 
 
 
2)  Specific heat of two-dimensional “solids”. Consider a two-dimensional solid composed of N 
atoms (atoms can oscillate in the plane defined by the solid).  It can be shown that the solid is 
equivalent to a set of 2N non-interacting harmonic oscillators with frequencies ωi, i=1,2,3…2N.    
(A) Obtain a formal expression for the specific heat, Cv, in terms of the ωi’s. 
(B) Obtain Cv(T) using Einstein model for the specific heat of solids. 
(C) Obtain Cv(T) using Debye model for the specific heat of solids.  Assume equal longitudinal 
and transverse wave velocity.  [It is fine if you express Cv(T) in terms of an integral of known 
quantities].  
 
 
3) A paramagnetic system consists of N non-interacting magnetic dipoles. Each dipole carries a 
magnetic moment µ�⃗ . The system is at a finite temperature T and is in a uniform magnetic field H��⃗  
that is oriented along the z-axis. 
(A) If dipoles can have only two orientations along the z-axis, up and down, obtain the total 
magnetic moment of the system, Mz.   
(B) Treat the system classically and obtain the total magnetic moment of the system, Mz. 
 

 
 
 
 
 



Qualifying Exams, January 2013 
 

Statistical Mechanics 

 

- Solve two out of the following three problems.  Indicate clearly which two problems you 
choose to solve.  If you do not indicate which problems you wish to be graded, the first two 
problems will be graded.  SHOW ALL YOUR CALCULATIONS. 

- Put your identification number on each page. 

 
 
1)  Helium atoms can be adsorbed on the surface of a metal, an amount of work ϕ then being 
necessary to remove a helium atom from the metal surface to infinity.  The helium atoms are 
completely free to move, without mutual interactions, on the two-dimensional metal surface.  
The metal surface is in contact with helium gas at pressure P and the whole system is at 
temperature T.   
Treat the helium gas as an ideal gas and (a) show that its equation of state is P V=Ng k T, where 
Ng is the number of atoms in the gas. (b) Using this relationship, express the chemical potential 
of the gas as function of P and T.  
c) What is the mean number of atoms per unit area adsorbed in the metal surface?  
 
 
 
2) Consider a photon gas in a cubic cavity of volume V and temperature T. 
(a) Using Maxwell equations, one can prove that only electromagnetic waves with wave vector 
k

L
n , n , n , n , n 1,2, 3…. with n   can exist in the cavity. Show that the density of 

states with k  k

/   ρ ω d∞ ω

 is Γ(k) = Vk2/π2. 
(b) Explain why the chemical potential for a gas of photons is zero. Obtain the average number 
of photons with energy ε = ħω. 
(c) One may write the energy density of the photon gas in the form:   . 
Using the results from (a) and (b), determine ρ ω , the spectral density of the energy. 

3(d) Show that Cv(T) ~ T . 
 
 
 
3) An ideal monatomic gas composed of N atoms of mass m is enclosed in a cylinder of radius a 
and length L. An external force acts on the atoms resulting in a potential energy of the form ϕ(r)= 
α r2, where r is the distance of  the atom position to the axis of the cylinder (α > 0).  
(a) What is the energy of the system at temperature T. 
(b) What is the probability to find a molecule at distance [r, r + dr] from the cylinder axis.   
 



Qualifying Exams: Statistical Mechanics (June 2013) 

 
- Solve two out of the following three problems.  Indicate clearly which two problems you choose 
to solve.  If you do not indicate which problems you wish to be graded, the first two problems 
will be graded.  SHOW ALL YOUR CALCULATIONS. 

- Put your identification number on each page. 

 
1) The conduction electrons in a metal can be treated as an ideal gas.  Consider the problem in d-
dimension. (V=Ld).    
A) [9] Calculate the density of states for a single electron, g(ε).    
B) [4] What is the average number of electrons, n(ε), that occupy a single-particle state with 
energy ε? Plot n(ε) as function of ε for the cases T=0 K and T≈0 K? Use the same graph for both 
temperatures.  
C) [4] Calculate the Fermi energy as function of N and V.  
D) [8] Calculate the compressibility of this gas at T=0 K?   
 
 
2) Consider a collection of N three-dimensional classical harmonic oscillators of frequency ω 
and total energy E. The oscillators are located in fixed positions in a crystal lattice and thus, are 
distinguishable. Using the microcanonical ensemble, compute (A) [10] the entropy S and (B)[3]  
temperature T of the system. (C)[2] Compare your result from (B) with the result predicted by 
the Equipartition Theorem. (D) [10] Obtain S using the canonical ensemble. 
 
 
3) [An ideal gas is composed of N atoms and is in a weak external magnetic field H. Each atom 
has a magnetic moment mμ, where m = -J, -(J+1),…, (J-1), J; J being an integer and μ is a 
constant.  If the system has a volume V and is at temperature T, 
A) [11] Find the canonical partition function of the system.  Use the classical approach to treat 
the translational motion of the atoms. 
B) [7] Calculate the total magnetization of the material. 
C)  [7] Show that the constant-volume heat capacitance of the gas can be written as 
Cv=Cv,0 + Cv(H), where Cv,0=3NK/2 is the heat capacitance of the ideal gas in the absence of 
external magnetic field.  Provide a formula to obtain Cv(H) [but do not evaluate it]. 
 
 
Useful formulas:  
 

- Geometric series:          ∑ qkn−1
k=0 = 1−qn

1−q
 

 

- Volume of a sphere of radius R in n-dimensions:  𝑉𝑛(𝑅) = 𝜋𝑛/2

�𝑛2�!
𝑅𝑛 



THE CITY UNIVERSITY OF NEW YORK 

First Examination for Ph.D. Candidates in Physics  

Statistical Physics 

January 14, 2014 

 Solve two out of the three problems.  Indicate clearly which problems you choose to solve.  

If you do not indicate which problems you wish to be graded, the first two problems will be 

graded.  SHOW ALL YOUR CALCULATIONS. Put your identification number on each 

page. 

Problem 1 

Consider a system of N non-interacting, one-dimensional quantum mechanical oscillators in 

equilibrium at temperature T. The energy levels of a single oscillator are Em=(1/2+m)γ/V, where 

γ is a constant, V is the volume, and m=0,1,2…  

A) [10 pts] Calculate the energy and constant-volume heat capacitance of the system. 

B) [5 pts] What are the energy and constant-volume heat capacitance predicted by the 

Equipartition Theorem?  Explain any agreement or disagreement with your results from (A). 

C) [5 pts] Determine the equation of state P=P(N,V,T) of the system. 

D) [5 pts] What is the fraction of particles in the m-th energy level? 

 

Problem 2 

Consider a two-dimensional, classical ideal gas composed of particles with zero rest mass, so 

that the energy and momentum of the particles are related by E=|p| c.  

A) [10 pts] Using the canonical ensemble, find the (i) equation of state P(N,A,T) and (ii) internal 

energy U(N,A,T) of the gas (where “A” is the gas area).  



B) [10 pts] Obtain the equation of state (i) P(N,A,T) and (ii) internal energy U(N,A,T) using the 

grand-canonical ensemble. Here, the pressure is defined as in the 3-dimensional case, replacing 

the gas volume “V” by the gas area “A”. 

C) [5 pts] Should the results for P(N,A,T) and U(N,A,T) obtained in (A) and (B) differ? Justify 

(within ~5 lines). 

 

Problem 3 

A system of N identical spinless bosons of mass m is in a box of volume V=L
3
. 

A) [9 pts] Find the single-particle density of state g(ε). 

B) [4 pts] Write a general expression for the average number of particles, n(ε) dε, having an 

energy between ε and ε+dε in terms of their mass, energy, temperature, chemical potential, 

volume, and any other relevant quantity.  

C) [4 pts] Using the expression for n(ε), find a formal expression (but do not solve it) for the 

total energy E(V,T,μ) and number of particles N(V,T,μ) in the gas.  

D) [4 pts] Solve the expression for N(V,T,μ) in the limit exp(-μ/kT)>>1 and show that 

N=exp(μ/kT)V/λ
3
.  [It follows from this expression that the approximation exp(-μ/kT)>>1 is 

equivalent to the condition d>>λ, where d=average distance between particles and λ is de Broglie 

thermal wavelength, and hence it corresponds to the classical limit].  

E) [4 pts] Solve the expression for E(V,T,μ) in the classical limit, i.e., exp(-μ/kT)>>1, and show 

that you recover the result for a classical ideal gas, E=3/2NkT. 

 



Qualifying Exams: Statistical Mechanics (June 2014) 

 
- Solve two out of the following three problems.  Indicate clearly which two problems you choose 
to solve.  If you do not indicate which problems you wish to be graded, the first two problems 
will be graded.  SHOW ALL YOUR CALCULATIONS. 

- Put your identification number on each page. 

 

1) A zipper has N links. Each link has two states: state 1 means it is closed and has energy 0, 
state 2 means that it is open and has energy ε. The zipper can only unzip from the left and the s-
th link cannot open unless all the links to its left (1,2,…,s-1) are open.   
A) [7pts] Find the canonical partition function for the zipper. 
B) [6pts] Calculate the average number of open links, < s > at a given temperature T. 
C) [6pts] Calculate the constant volume heat capacitance of the zipper and show that, for a given 
T, it is proportional to the fluctuations in s.  
D) [6pts] Calculate the entropy of the system as function of the average number of open links, < 
s >. 
  
2) An ideal classical gas is composed of N molecules that have an electric dipole moment γ. The 
system is contained in a volume V, with a uniform applied electric field E.  Ignoring interactions 
between molecules, calculate:  
A) [10pts] The energy of the system at a given temperature T.  Show that in the limit of γ→0 you 
recover the expression for the energy of a classical ideal gas of point particles. 
B) [8pts] Find the electric polarization, i.e. the average electric dipole moment of the system per 
unit volume. 
C) [7pts] Consider the effect of gravity, i.e., the effect of adding an external field that produces a 
potential energy on particle i of the form Vi(z) = m g zi, where g is the gravity, m is the particle 
mass, and zi is the position of the particle along the vertical z- axis.  Show that the polarization of 
the system is not affected by such an external field (show your calculations).   
 
 
3) Consider a two-dimensional gas of non-interacting fermions of spin ½, at temperature T. 
A) [6pts] Calculate the single-particle density of states if the area of the system is A. 
B) [4pts] What is the Fermi energy of the system? 
C) [4pts] Calculate the energy and pressure of the gas at T=0 K (here, A plays the role of 
volume).  
D) [8pts] Calculate the energy and chemical potential of the system at low temperature.   
E) [3pts] Show that Cv(T) ~ Tα and obtain α. 
 
[………….see BACK…………..] 



 
 
 
Useful formulas:  
 
- Geometric series:          ∑ qkn−1

k=0 = 1−qn

1−q
 

 
- If 𝐼(𝜀) = ∫ ℎ(𝜀)𝑓(𝜀)𝑑𝜀∞

0 , where 𝑓(𝜀) = 1
1+exp(𝛽(𝜀−𝜇))  and ℎ(𝜀)  is a function satisfying 

lim𝜀→0 ℎ(𝜀) = 0, then:         𝐼(𝜀) = 𝐻(𝜇) + 𝜋2(𝑘𝑇)2

6
𝐻′′(𝜇) + ⋯ 

where H(𝜀) = ∫ ℎ(𝜀)𝑑𝜀𝜀
0  

 



Qualifying Exams: Statistical Mechanics (January 2015) 

 
- Solve two out of the following three problems.  Indicate clearly which two problems you choose 
to solve.  If you do not indicate which problems you wish to be graded, the first two problems 
will be graded.  SHOW ALL YOUR CALCULATIONS. 

- Put your identification number on each page. 

1) An ideal monatomic “classical” gas composed of N atoms is enclosed in a spherical volume of 
radius R. The atoms have zero rest mass, so that the energy and momentum of a particle is 
related by E=|p| c. An external force acts on the atoms resulting in a potential energy of the form 
φ(r)= b r3, where r is the distance of  the atom position to the center of the sphere (b > 0).  
a) What is the energy of the system at temperature T? 
b) What is the constant-volume heat capacitance of the gas? 
c) What is the pressure of the system for given volume and temperature? 
 

2) Consider a gas of diatomic molecules where the rotational energies can be neglected. We may 
then approximate the Hamiltonian of a diatomic molecule as a sum of two independent terms, 

H = Htransl + Hvib, 
In this equation, Htrans and Hvib are the translational and vibrational energy, respectively. 
a) Show that the constant volume specific heat can be written as Cv = Cv,transl + Cv,vib where 
Cv,transl and Cv,vib are the translational and vibrational contribution to the specific heat. 
b) In a dilute gas, translational motion can be treated classically. Find Cv,transl in the classical 
limit. 
c) Find Cv,vib.  In this case, consider that atoms can be treated as distinguishable quantum 
harmonic oscillators of frequency ω0. 
d) What is the classical Cv predicted by the Equipartition Theorem. Justify. 
  
 
3) An adsorbent surface has N0 adsorbing sites, each of which can adsorb one gas molecule. This 
surface is in contact with an ideal gas with chemical potential μ (determined by the pressure P 
and temperature T).  Assume that the adsorbed molecule has energy –ε0 relative to one in a free 
state.  A) Obtain the covering ratio θ= <N>/N0 where <N> is the average number of particles 
adsorbed on the surface at temperature T.  B) What is the pressure that the gas exerts on the 
surface? C) Calculate the energy of the molecules adsorbed on the surface and show that it can 
be written as E= –ε0 <N>.    



Ph.D. Program in Physics 
Graduate Center ‐ CUNY 
 

Page 1 of 2 
 

 
Qualifying Exams: Statistical Mechanics (June 2015) 

 
 

- Solve two out of the following three problems.  Indicate clearly which two problems you choose 
to solve.  If you do not indicate which problems you wish to be graded, the first two problems 
will be graded.  SHOW ALL YOUR CALCULATIONS. 

- Put your identification number on each page. 
 
 
 
1) A long elastic molecule can be modeled as a linear chain of N links. The state of each link is 
characterized by two quantum numbers l and n, which define the length and vibrational state of 
the link, respectively.  The length of a link is either l=a or l=b. The vibrational state of a link is 
modeled as a harmonic oscillator whose angular frequency is ωa for a link with length l=a and ωb 
for a link with length l=b. Thus the energy of a link is 
 

,
1 2⁄ ħ 				 	
1 2⁄ ħ 				 	

					 	 0,1,2… .∞ 

 
The chain is immersed in a bath of temperature T and it is held at constant length L, where L=Na 
a + Nb b and N=Na+Nb.  
A) [5pts] Express Na and Nb as function of N and L. Determine the number of configurations {l1, 
l2,… li,… lN}, with li=a or b, accessible to the chain for given values of Na and Nb.  
B) [10pts] Calculate the canonical partition function of the chain (here, L plays the role of 
volume).  
C) [5pts] Calculate the average energy of the chain at given (N, L, T).   
D) [5pts] Calculate the constant “volume” heat capacitance at given (N, L, T).   
 
 
 
 
2) Consider a two-dimensional gas of photons in a surface of area A and at temperature T. 
A) [8pts] Using Maxwell equations, one can prove that only electromagnetic waves with wave 
vector k n , n  with n , n 1,2, 3….  can exist in the cavity.  Find the photon’s energy 

density of states Ω(ε). 
B) [9pts] Find an expression for the energy of the system (you do not need to calculate it) and 
show that E~Tα. Find α. 
C) [8pts] Find an expression for the entropy of the system in terms of Ω(ε) (you do not need to 
calculate it). 
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3) A classical ideal gas is composed of N molecules and it is being held in a container of volume 
V, at temperature T. The energy of a given molecule can be written as (i=1…N) 

2
, 

where  is the kinetic energy of the molecule. The variable denotes the internal energy of the 

molecule due to the interaction of the molecule with an external field.  If there are only three 
internal energy levels accessible to the molecule, i.e., can have three different values 
, , , then: 

(A) [12pts] Show that the energy of the system can be written as E(N,V,T) = 3/2 NKT + EΔ(N,T) 
where EΔ(N,T) includes the dependence of the energy on the values , , . Find EΔ(N,T). 
(B) [5pts] Show that this gas obeys the ideal gas equation of state, PV= N k T.  
(C) [8pts] Assume that the gas is maintained at constant N, V, and chemical potential μ (instead 
of constant N, V, and T) and recover the expression for P given in (B), i.e., PV=NKT. 
 
 
 

 
Some useful formulas:  
 

F0) Volume of an n-dimensional sphere of radius R:               
π /

/ !
R                      

 

F1) For ideal gases [ 1	 , 1	 , 	0	 : 

 

ln ∑ ln 1 z	exp       [  (for all ) in the  statistics] 

〈 〉
1

exp
 

 

F3) Geometric series:          ∑ q  

 



Qualifying Exams: Statistical Mechanics (January 2016) 

- Solve two out of the following three problems.  Indicate clearly which two problems you choose
to solve.  If you do not indicate which problems you wish to be graded, the first two problems
will be graded.  SHOW ALL YOUR CALCULATIONS.

- Put your identification number on each page.

1) [25 pts] A one-dimensional “crystal” of length L consists of a linear array of N particles
(N>>1) located on the x-axis. The particles interact via spring-like nearest neighbor forces and
can oscillate only along the x-axis.  It can be shown that the distribution of normal mode
frequencies (density of states) is given by

g(ω) =  �

g0

�ωmax
2 −𝜔𝜔2

, if ω < ωmax

0, otherwise

where g0 and ωmax are constants. 
A) Calculate the total energy of the system 𝐸𝐸(𝑇𝑇) in the high-temperature limit and compare it
with the prediction from the Equipartition theorem (justify).  Show that your result does not
depend on the particular form of g(ω).
B) Show that 𝐸𝐸(𝑇𝑇)~𝐸𝐸0 +  𝑎𝑎 𝑇𝑇𝛾𝛾 for 𝑇𝑇 → 0 (low temperature limit), where 𝐸𝐸0 and 𝑎𝑎 are constants,
and find γ [hint: express 𝐸𝐸(𝑇𝑇) in terms of a T-independent integral; you do not need to solve the
integral].
C) Develop a Debye’s model for the given one-dimensional solid and show that 𝐸𝐸(𝑇𝑇)~𝐸𝐸0 +
𝑎𝑎 𝑇𝑇𝛾𝛾 for 𝑇𝑇 → 0 (where 𝐸𝐸0 and 𝑎𝑎 are constants); find γ.
D) Develop an Einstein’s model for the given one-dimensional solid and calculate 𝐸𝐸(𝑇𝑇) for 𝑇𝑇 →
0.

2) [25 pts] A two-dimensional lattice in the z-x plane has N sites, each occupied by an atom with
magnetic moment µ�⃗ .  The system is in contact with a heat reservoir at fixed temperature. The
atoms do not interact with each other, but they do interact with an external magnetic field H��⃗ =
H0 z� (where z� is the unit vector along the z-axis). Assume that the atoms’ magnetic moments µ�⃗
can only be oriented on the z-x plane.
A) Treat the system classically and calculate the (i) energy, (ii) specific heat, and (iii)
magnetization of the system in the limit H0µ

kT
≪ 1 (weak magnetic field).

B) How would the energy and magnetization obtained in (A) change if the atoms are free to
move (instead of having fixed positions in a lattice).  Justify.
C) Assume that µ�⃗  can only take four directions, along the +x, -x, +z, -z directions. Calculate the
energy of the system.
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3) [25 pts] The grand canonical partition function of an ideal gas of fermions is given by 

ln𝛯𝛯 = � ln(1 + z exp(−𝛽𝛽𝜀𝜀𝑟𝑟))
𝑟𝑟

 

where the sum is taken over all single-particle energy levels 𝑟𝑟 of energy 𝜀𝜀𝑟𝑟 and z = exp(𝛽𝛽𝛽𝛽).  
A) For fermions, the number of particles in a single-particle energy level 𝑟𝑟 is 𝑛𝑛𝑟𝑟 = 0,1. What 
would be the grand-canonical partition function of the gas if 𝑛𝑛𝑟𝑟 = 0,1,2 … 𝑙𝑙 where 𝑙𝑙 is a finite 
integer? (i.e., if there may be no more than 𝑙𝑙 particles in a given single-particle state).  
B) (i) Show that the average number of fermions in an energy level 𝑟𝑟 is given by  

〈𝑛𝑛𝑟𝑟〉 =
1

(𝑧𝑧−1 exp(𝛽𝛽𝜀𝜀𝑟𝑟) + 1)
 

    (ii) Calculate 〈𝑛𝑛𝑟𝑟〉 for the quantum statistics defined in (A), i.e., if 𝑛𝑛𝑟𝑟 = 0,1,2 … 𝑙𝑙.  
C) Find an expression for the pressure of a gas that obeys the quantum statistics defined in (A). It 
is sufficient to express your solution as a sum over the single-particle energy levels 𝑟𝑟. 
 
 

 
Useful formulas:  
 
F1) Geometric series:          ∑ qkn−1

k=0 = 1−qn

1−q
 

F2)  ∫[cosθ]2 dθ = 1/2(θ + sin θ cos θ) 
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Qualifying Exams: Statistical Mechanics (June 2016) 
 

- Solve two out of the following three problems.  Indicate clearly which 
two problems you choose to solve.  If you do not indicate which problems you wish to be graded, 
the first two problems will be graded.  SHOW ALL YOUR CALCULATIONS. 
- Put your identification number on each page. 
 
 
1) The upper end of a hanging chain of N links is fixed while the lower end is attached to a mass 
M (see Fig. for the case of a chain with N=4).  The massless links of the chain are ellipses with 
major axes a and minor axes b, and can place themselves with their major axis either vertical or 
horizontal. 
A) [30 pts] If the system is at temperature T, (i) calculate the average energy E(N,T) and (ii) heat 
capacitance Cv(N,T) of the system. 
B) [20 pts] If the energy is maintained constant to some value E, calculate the entropy S(N,E).  
 
  

                                                                                                               

                                                                        

 

 
 
2) A two-dimensional ideal gas of N diatomic molecules is maintained at temperature T in a flat 
surface of area A.   Assume that the vibrational motion of these molecules can be neglected so 
molecules only have translational and rotational kinetic energy.  The gas is ultrarelativistic so the 
translational motion can be treated classically with the translational energy and momentum of a 
given particle being related by 𝜀𝜀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = |�⃗�𝑝|𝑐𝑐. The rotational kinetic energy can be treated using 
quantum mechanics and the corresponding energy levels are given by 𝜀𝜀𝑡𝑡𝑟𝑟𝑡𝑡,𝑗𝑗 = ℎ𝑐𝑐𝑐𝑐𝑗𝑗2  with 
𝑗𝑗 = 0,1,2,3…. and 𝑐𝑐 = ℎ/8𝜋𝜋2𝑐𝑐𝑐𝑐  where 𝑐𝑐  is the moment of inertia of the molecule.  The 
degeneracy of the energy level 𝜀𝜀𝑡𝑡𝑟𝑟𝑡𝑡,𝑗𝑗 is 𝑔𝑔𝑗𝑗 = 1, for 𝑗𝑗 = 0, and  𝑔𝑔𝑗𝑗 = 2, otherwise. 
A) [14 pts] Show that the energy of the gas can be written as 𝐸𝐸 = 𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 𝐸𝐸𝑡𝑡𝑟𝑟𝑡𝑡 where 𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 
and 𝐸𝐸𝑡𝑡𝑟𝑟𝑡𝑡 depend, respectively, only on the translational and rotational energies.    
B) [20 pts] Calculate 𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝐸𝐸𝑡𝑡𝑟𝑟𝑡𝑡 [express 𝐸𝐸𝑡𝑡𝑟𝑟𝑡𝑡 in terms of a series but you do not need to 
solve it].  
C) [16 pts] Find the pressure of the gas. Here, the area of the surface A plays the role of the 
volume V in a three-dimensional system. 
 

 

M 

b 
a g 

Ph.D. Program in Physics 
Graduate Center CUNY 



[CORRECTED VERSION   Sept. 2016 dm] 

Page 2 of 2 
 

3) Electromagnetic waves trapped between two parallel (perfectly reflective) surfaces and with 
polarizations parallel to the surfaces can be treated as a one-dimensional black body cavity.    
A) [10 pts] If the distance between the surfaces is L, what are the frequencies of the 
electromagnetic waves allowed in this system? How many electromagnetic waves are there in a 
frequency interval dω ? 
B) [10 pts] Show that the density of states for the photons in this black body cavity is 𝛺𝛺(𝜀𝜀) =
𝑐𝑐 𝐿𝐿𝛿𝛿  𝜀𝜀𝜃𝜃 and find the constants 𝑐𝑐, 𝛿𝛿 and θ. 
C) [30 pts] Show that (i) the energy 𝐸𝐸~𝑇𝑇𝛼𝛼 and (ii) the pressure 𝑃𝑃~𝑇𝑇𝛾𝛾, and find the exponents α 

and γ.  Hint: express E and P in terms of a T-independent integral ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥∞
0 , i.e., where 𝑓𝑓(𝑥𝑥) is 

only a function of 𝑥𝑥. 
 
 

 
Some useful formulas:  
 
F0) Volume of an n-dimensional sphere of radius R:               𝑉𝑉𝑡𝑡(𝑅𝑅) = πn/2

(n/2)!
Rn                     

 

F1) For ideal gases [𝑎𝑎 = −1 (𝑐𝑐𝐸𝐸), 1 (𝐹𝐹𝐹𝐹), 𝑜𝑜𝑜𝑜 0 (𝑀𝑀𝑐𝑐)]: 

 

ln𝛯𝛯 = 1
𝑎𝑎
∑ ln(1 + 𝑎𝑎 z exp(−𝛽𝛽𝜀𝜀))𝜀𝜀       [𝜇𝜇 < 𝜀𝜀 (for all 𝜀𝜀) in the 𝑐𝑐𝐸𝐸 statistics] 

〈𝑛𝑛𝜀𝜀〉 =
1

(𝑧𝑧−1 exp(𝛽𝛽𝜀𝜀) + 𝑎𝑎)
 

 

F3) Geometric series:          ∑ qkn−1
k=0 = 1−qn

1−q
 

 

      Binomial Identity:       (𝑥𝑥 + 𝑦𝑦)𝑡𝑡 = ∑ �𝑡𝑡𝑘𝑘�𝑥𝑥
k𝑦𝑦n−kn

k=0  
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Qualifying Exam: Statistical Mechanics (January 2017) 

 
- Solve two out of the following three problems.  Indicate clearly which two problems you choose 
to solve.  If you do not indicate which problems you wish to be graded, the first two problems will 
be graded.  SHOW ALL YOUR CALCULATIONS. 

- Put your identification number on each page. 

  
1) Consider a two-dimensional classical ideal gas of N particles at temperature T.  The particles 
have a mass m and can move within a circular area of radius R. The system is allowed to rotate 
with constant angular velocity ω around its symmetry axis (see Fig.).  In the rotating reference 
frame, the centrifugal force acting on the particles can be treated as an external field 𝑈𝑈(𝑟𝑟) =
−1

2
𝑚𝑚𝜔𝜔2𝑟𝑟2 where 𝑟𝑟 is the radial distance. In other words, in the rotating reference frame, the total 

energy of particle i is given by   

𝜀𝜀𝑖𝑖 =
�⃗�𝑝𝑖𝑖2

2𝑚𝑚
−

1
2
𝑚𝑚𝜔𝜔2𝑟𝑟𝑖𝑖2 

 
Assume that the system has been rotating long enough for the gas to reach equilibrium.  
A)  [25 pts] Calculate the total energy E. Show that for 𝜔𝜔 = 0 you recover the result predicted by 
the Equipartition Theorem (justify).                                                                                  
B) [7 pts] Calculate the constant volume heat capacitance Cv.                                    z  
C) [8 pts] Calculate the equation of state P(N,V,T,ω). In this problem,         ω         
the area of the surface plays the role of volume V. 
D) [10 pts] Calculate the probability to find a given particle                                         R 
 at a distance in the range [r, r+Δr] from the z-axis (Δr → 0).                                                    
                                                                                          
                                                                                                                                     
2) Consider an ideal gas of spin-zero bosons in d-dimensions.   We will consider only the cases 
d=2 and d=3. 
A) [20 pts] Calculate the single-particle energy density of states (for the cases d=2 and d=3). Show 
that the density of states can be written as 𝐶𝐶𝑑𝑑𝜖𝜖(𝑑𝑑/2−1) where 𝐶𝐶𝑑𝑑 is a constant that depends on d and 
𝜖𝜖 is the energy of the particle.   
B) [10 pts] Calculate the energy of the gas U. Express it in terms of a Bose-Einstein function (see 
formulas below) and the dimensionality of the system, d.  
C) [5 pts] Show that for both values of d, the average number of particles in the ground state is 
given by  

N0 =
z

1 − z
 

where z=exp(βμ) is the fugacity.   
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D) [10 pts] Write an expression for Ne/V=(N-N0)/V, the average number of particles in the excited 
states per volume, and show that Ne

V
~𝑇𝑇𝑑𝑑/2𝑔𝑔𝑑𝑑/2(𝑧𝑧)where 𝑔𝑔𝑑𝑑/2(𝑧𝑧) is a Bose-Einstein function (see 

formulas below). 
E) [5 pts] Show that at T>0 K, there is a Bose-Einstein condensation in 3D but not in 2D. Hint: 
from point (c), it follows that 0 ≤ z < 1 in the thermodynamic limit. 
 
     
3) Consider a three-dimensional lattice with N sites.  Half of the sites are occupied by atoms with 
magnetic dipole moment µ�⃗ 𝐴𝐴 while the other half of the sites are occupied by atoms with magnetic 
dipole moment µ�⃗ 𝐵𝐵.  The atoms are immobile and do not interact with each other.  However, the 
atoms interact with an external magnetic field H��⃗ = H0 z�, where z� is the unit vector along the z-
axis. Assume that µ�⃗  can be aligned only along the z-axis and that the magnetic dipole moments 
depend on the volume of the system via |µ�⃗ 𝛼𝛼| =  𝑐𝑐𝛼𝛼/V where 𝑐𝑐𝛼𝛼 are constants and 𝛼𝛼 = 𝐴𝐴,𝐵𝐵.  
If the system is at temperature T, calculate (A) [25 pts] the constant-volume heat capacitance Cv(T) 
and (B) [5 pts] the pressure of the system. 
C) [20 pts] Consider the case |µ�⃗ 𝐵𝐵| ≪ |µ�⃗ 𝐴𝐴| so that we can neglect the dipole moments of atoms B.  
Use the microcanonical ensemble and calculate the entropy of the system S(NA,V, E) when |µ�⃗ 𝐵𝐵| =
0. Note that in this case, E is the total energy of atoms A. 

 
Useful formulas:  
 
F1) Geometric series:          ∑ qkn−1

k=0 = 1−qn

1−q
 

F2) For ideal gases [𝑎𝑎 = −1 (𝐵𝐵𝐵𝐵), 1 (𝐹𝐹𝐹𝐹),𝑜𝑜𝑟𝑟 0 (𝑀𝑀𝐵𝐵)]: 

ln𝛯𝛯 = 1
𝑎𝑎
∑ ln(1 + 𝑎𝑎 z exp(−𝛽𝛽𝜀𝜀))𝜀𝜀       [𝜇𝜇 < 𝜀𝜀 (for all 𝜀𝜀) in the 𝐵𝐵𝐵𝐵 statistics] 

〈𝑛𝑛𝜀𝜀〉 =
1

(𝑧𝑧−1 exp(𝛽𝛽𝜀𝜀) + 𝑎𝑎)
 

F3)  Bose-Einstein functions:   𝑔𝑔𝜈𝜈(𝑧𝑧) = 1
Г(𝜈𝜈)∫

𝑥𝑥𝜈𝜈−1

𝑧𝑧−1𝑒𝑒𝑥𝑥−1
𝑑𝑑𝑑𝑑 = ∑ zr

rν
∞
r=1

∞
0  

For z→1:   a)  𝑖𝑖𝑖𝑖 𝜈𝜈 > 1, 𝑡𝑡ℎ𝑒𝑒𝑛𝑛 𝑔𝑔𝜈𝜈(1) = 𝜁𝜁𝜈𝜈(1) = 𝑅𝑅𝑖𝑖𝑒𝑒𝑚𝑚𝑎𝑎𝑛𝑛𝑛𝑛 𝑖𝑖𝑓𝑓𝑛𝑛𝑐𝑐𝑡𝑡𝑖𝑖𝑜𝑜𝑛𝑛 (finite values) 

                  b)  𝑖𝑖𝑖𝑖 𝜈𝜈 ≤ 1, 𝑡𝑡ℎ𝑒𝑒𝑛𝑛 𝑔𝑔𝜈𝜈(1) → ∞ 
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Qualifying Exam: Statistical Mechanics (June 2017) 

 
- Solve two out of the following three problems.  Indicate clearly which two problems you choose 
to solve.  If you do not indicate which problems you wish to be graded, the first two problems will 
be graded.  SHOW ALL YOUR CALCULATIONS. 

- Put your identification number on each page. 

  
1) Consider an idealization of a crystal which has N lattice sites. To each lattice site, there is an 
associated interstitial position (places between the lattice sites where atoms can reside). At zero-
temperature, all N atoms of the crystal are located in the lattice sites while, at T>0, atoms are able 
to move from their original lattice site to the corresponding interstitial site. Let ε be the energy 
necessary to remove an atom from a lattice site to the corresponding interstitial position. The value 
of ε varies if the crystal is compressed so consider the case ε = a V where a is a constant. 

A) If n is the number of atoms of the crystal located in the interstitial sites (n<N): 
i) Calculate the internal energy of the system. 
ii) What is the entropy S(n, N)?  Assume that n>>1. 

B) If the crystal is maintained at temperature T and volume V: 
i) Calculate the energy of the system and the average number of particles in the interstitial sites, 
i.e., <n>. 
ii) Calculate the pressure of the system P(N,V,T).  
 
 
2) Consider a black body cavity of volume V filled with a dielectric material characterized by the 
dispersion relation 𝜔𝜔 = 𝑐𝑐|𝑘𝑘�⃗ |𝛼𝛼, where 𝑐𝑐 is the speed of light, α>0 is a constant, ω is the angular 
frequency of the electromagnetic waves and 𝑘𝑘�⃗  is the corresponding wave vector.  

A) Calculate the energy density of states for the photons in the cavity. 

B) Show that the energy of the system is 𝐸𝐸~𝑇𝑇𝛾𝛾  and find γ. Hint: express E in terms of a T-
independent integral ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥∞

0 , where 𝑓𝑓(𝑥𝑥) is only a function of 𝑥𝑥 (you do need to calculate this 
integral). 

C) What would be the value of γ if the photons where fermions?  In other words, assume that the 
number of “photons” in the cavity is not constant but that they obey Pauli’s exclusion principle. 
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3) An ideal gas is contained in a cylindrical tube of length L and radius R at temperature T.   The 
ends of the tube are open so the chemical potential of the system can be controlled, i.e., molecules 
are free to enter/leave the tube and the gas outside the tube is maintained at a chemical potential 
µ. The particles have a magnetic dipole moment 𝑚𝑚��⃗  that can orient only along the +x, -x, +y, -y, 
+z, and –z.  Consider that the tube axis is parallel to the z-direction and that an external field 𝐻𝐻��⃗ =
𝐻𝐻0 �̂�𝑧 is acting on the system. 

A) What is the average number of molecules < 𝑁𝑁 >  within the tube? 

B) Calculate the constant-volume heat capacitance, Cv(T). 

C)  What is the magnetization of the system? 

 
 

Useful formulas:  
 
F1) Geometric series:          ∑ qkn−1

k=0 = 1−qn

1−q
 

F2) For ideal gases [𝑎𝑎 = −1 (𝐵𝐵𝐸𝐸), 1 (𝐹𝐹𝐹𝐹), 𝑜𝑜𝑜𝑜 0 (𝑀𝑀𝐵𝐵)]: 

ln𝛯𝛯 = 1
𝑎𝑎
∑ ln(1 + 𝑎𝑎 z exp(−𝛽𝛽𝛽𝛽))𝜀𝜀       [𝜇𝜇 < 𝛽𝛽 (for all 𝛽𝛽) in the 𝐵𝐵𝐸𝐸 statistics] 

〈𝑛𝑛𝜀𝜀〉 =
1

(𝑧𝑧−1 exp(𝛽𝛽𝛽𝛽) + 𝑎𝑎)
 



Qualifying Exam: Statistical Mechanics (January 2018)

Ph.D. Program in Physics
The Graduate Center, CUNY

Solve 2 out of the following 3 problems. Indicate clearly which two problems you choose to solve,
and show all calculations.

1. Langevin Paramagnetism

In Langevin’s theory, a collection of N stationary dipoles in a uniform magnetic field is described
by the classical Hamiltonian,

H = −
N∑
i=1

µMi ·B = −µMB
N∑
i=1

cos θi,

where µMi is the ith magnetic dipole moment, which has magnitude |µMi| = µM and an orientation
specified by the angles θi and φi.

(a). Show that the canonical partition function for this system factorizes in the form Z = ZN1 ,
where Z1 is the contribution from an individual dipole. Evaluate Z1.

(b). The magnetization along the field axis is defined by M = µM
〈∑N

i=1 cos θi
〉
, where brack-

ets denote the statistical average. Determine how the magnetization is related to the canonical
partition function.

(c). Using the partition function, show that the magnetization can be written in the form

M = NµM L(βµMB),

where L(x) is Langevin’s function, L(x) = cothx− 1
x .

(d). Obtain the magnetic susceptibility χM =
(
∂M
∂B

)
N,T

in zero field. Explain the high- and
low-temperature limits of this result.

2. Joule Free Expansion

A Joule free expansion is the process in which a gas expands while in thermal and mechanical
isolation, thus preserving the internal energy. The temperature of a classical ideal gas is constant
during such a process, but this is not true for quantum gasses. Consider, for simplicity, a gas of
N � 1 fermions that are free to move in one dimension along a length L. Assume that the energy
eigenstates of the fermions have the form En = ~2k2

2m , where k = 2πn
L , with n = 0,±1,±2, · · · .

(a). Show that at zero temperature the Fermi momentum kF and the Fermi energy εF are
functions of only the density, ρ = N/L, and have the form kF ∝ ρa and εF ∝ ρb. Determine the
exponents a and b.

(b). Show that the energy per particle at zero temperature has the form u(ρ, T = 0) ∝ ρc.
Determine the exponent c.

(c). Assume that at room temperature the Fermi energy is much larger than kBT , so that the
specific heat can be estimated in the same manner as for electrons in a metal. Only the fermions



2

close to the Fermi surface are thermodynamically active, and they can be treated as behaving
classically in accordance with the equipartition theorem. Show that the specific heat per particle
has the form cV ∝ ρd T e. Determine the exponents d and e.

(d). The above results combine into the following low-temperature approximation for the energy
per particle

u(ρ, T ) ' Aρc +Bρd T e+1,

with A and B constants. Suddenly the length of the wire changes and the fermions undergo a Joule
free expansion, du = 0. Use the above formula to determine whether the Fermi gas temperature
increases or decreases during the free expansion.

3. A Long Molecule

A long elastic molecule can be modeled as a linear chain of N links. In such a model, the state of
each link is characterized by two quantum numbers l and n, which define the length and vibrational
state of the link, respectively. The length of a link is either l = a or l = b. The vibrational state
of a link is described as a harmonic oscillator, with angular frequency ωa for links of length l = a,
and ωb 6= ωa for links of length l = b. According to this model, the energy state of a link is given
by

El,n = ~ωl
(
n+

1

2

)
, with l = a, b and n = 0, 1, 2, · · · .

The chain is immersed in a bath of temperature T , and held at constant length L, where L =
Na a+Nb b and N = Na +Nb.

(a). Express Na and Nb as functions of N and L. Determine the number of configurations,
{l1, l2, · · · , lN} with li = a or b, accessible to the chain for given values of Na and Nb.

(b). Calculate the canonical partition function of the chain. Notice L plays the role of volume.
Of use will be the formula for the infinite geometric series,

∑∞
j=0 z

j = 1
1−z for |z| < 1.

(c). Compute the average energy of the chain at given N , L and T .

(d). Determine the heat capacity at constant L as a function of N and T .



Qualifying Exam: Statistical Mechanics (June 2018)

Ph.D. Program in Physics
The Graduate Center, CUNY

Solve 2 out of the following 3 problems. Indicate clearly which two problems you choose to solve,
and show all calculations.

1. Tall Cylinder of Gas ( 50 pts.)

A classical ideal gas is contained in a cylindrical volume V = πR2L, where L is the vertical height
of the cylinder and πR2 is its cross-sectional area. In this problem, the effect of the earth’s uniform
gravitational field is non-negligible, with the acceleration due to gravity being g in magnitude, and
directed vertically downward toward the earth’s surface. The gas is in thermal equilibrium with a
heat bath at temperature T .

(a. 10 pts.) Determine the Boltzmann statistical weight, P(r,p) dr dp, which is the prob-
ability to find a molecule of the gas with position in the range r to r + dr, and with momentum
in the range p to p + dp. Show that the result factorizes, P(r,p) = Q(r)PM (p), where PM (p) is
the ordinary Maxwellian distribution, and discuss the significance. Make sure to normalize your
answer using the single-particle partition function.

(b. 10 pts.) Obtain the average kinetic energy of a molecule in the gas.

(c. 15 pts.) What is the probability that a gas molecule is located with a height between z
and z + dz? Use this result to obtain the height dependence of the number density of molecules,
ρ(z) = N(z)/V .

(d. 15 pts.) The equation of hydrostatic equilibrium is

dp

dz
= −mg ρ.

What is the interpretation of this equation when integrated over the volume V = πR2 ∆z? Using
the height dependence of the number density, solve this equation to establish the ideal gas law, in
the form p(z) = ρ(z) kBT .
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2. Debye Model of a Solid ( 50 pts.)

The vibrations of a homogeneous three-dimensional solid can be modeled by treating each of the N
atoms as subject to simple harmonic motion, with the same characteristic frequency of oscillation.

(a. 10 pts.) At large enough temperatures, a classical description of the oscillating atoms
should be valid. Use the equipartition theorem to determine the heat capacity, CV , of a solid in the
classical regime. As a consequence, how does the internal energy of a solid depend on temperature
in this regime?

(b. 10 pts.) At low temperatures, the quantized vibrations of atoms are described by spin-
one quasi-particles called phonons. Assuming the three phonon polarization states have the dis-
persion relation ε(p) = vs |p|, obtain the density of phonon states, D(ε), which is the number of
states of a given polarization, per volume, per interval of energy.

(c. 15 pts.) In Debye’s model, the average energy of a phonon gas is given by

E = gV

∫ εmax

0
εD(ε) fBE(ε, β, µ = 0) dε,

where εmax is an energy cutoff. Use the uncertainty principle to argue that εmax ∼ ~ vs/a, where a
is the interatomic spacing. Also explain why the chemical potential has been set to zero above.

(d. 15 pts.) By demanding that Debye’s model agrees with the equipartition theorem in
the large-temperature limit, derive εmax and verify that it scales with the expected power of the
number density of atoms, ρ = N/V .
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3. A Large Nucleus ( 50 pts.)

Part I: The ground state of a large nucleus may be modeled as a zero-temperature Fermi gas
consisting of a total of A particles confined to a volume V . The particles come in two species,
protons and neutrons, which are both spin-half and have essentially the same mass. With Z as the
number of protons and N as the number of neutrons, the nucleus has A = Z +N particles. As a
first approximation, consider the nucleus as a two-component gas of non-interacting particles.

(a. 10 pts.) The density of energy eigenstates for an ideal gas of non-relativistic particles is
given by

D(ε) =
1

4π2

(
~2

2m

)− 3
2 √

ε.

For a two-component gas of protons and neutrons, there are separate Fermi energies, ε
(p)
F and ε

(n)
F ,

for the protons and neutrons, respectively. Determine these Fermi energies in terms of the proton
and neutron number densities, which are defined by ρ(p) = Z/V and ρ(n) = N/V .

(b. 10 pts.) Show that the energy of this two-component non-interacting Fermi gas at zero
temperature is given by

E =
3

5
Z ε

(p)
F +

3

5
N ε

(n)
F .

(c. 15 pts.) By expanding the energy in powers of the neutron excess, N − Z � A, show
that asymmetric nuclei have larger energies. In particular, determine the power a in the expression

E = Esym + Easym

(
N − Z
A

)a
+ · · · ,

and show that Easym > 0.

Part II: The above expectation can be independently obtained on the basis of microcanonical
counting. In this part, ignore quantum statistics. Consider a nucleus as a collection of A particles
that can each be either a proton or a neutron.

(d. 15 pts.) Neglecting spin, how many different configurations of protons and neutrons
are possible for a nucleus with a total of A particles? To a good approximation, nuclear interac-
tions favor neither protons nor neutrons, so that each configuration is equally likely. Given these
assumptions, show that the most probable nucleus for a given value of A is symmetric, N = Z.



Formulas

F (x) = F (x0) + F ′(x0)(x− x0) +
1

2
F ′′(x0)(x− x0)2 +O

[
(x− x0)3

]

lnN ! = N lnN −N + · · · for N � 1

N∑
M=0

xM =
1− xN+1

1− x

N∑
M=0

(
N
M

)
xMyN−M = (x+ y)N

(
N
M

)
=

N !

M !(N −M)!

∫
e−αx dx = −e

−αx

α
+ C

∫
x e−αx dx = −e

−αx

α2
(1 + αx) + C

∫
x2 e−αx dx = −e

−αx

α3

(
2 + 2αx+ α2x2

)
+ C

∫ ∞
0

xne−αx dx =
n!

αn+1
for n = 0, 1, 2, · · ·

∫ +∞

−∞
x2ne−αx

2
dx =

√
π

α

(2n)!

(4α)n n!
for n = 0, 1, 2, · · · and α > 0

fBE(ε, β, µ) =
1

eβ(ε−µ) − 1
fFD(ε, β, µ) =

1

eβ(ε−µ) + 1



Qualifying Exam: Statistical Mechanics (January 2019)

Ph.D. Program in Physics
The Graduate Center, CUNY

Solve 2 out of the following 3 problems. Indicate clearly which two problems you choose to solve,
and show all calculations.

1. Molecular Vibrations ( 50 pts.)

This problem concerns the thermodynamics of O2 vibrations. Oxygen atoms may be assumed to
vibrate harmonically, with frequency ω about a mean interatomic distance of do = 1.2 × 10−10 m.
The experimentally measured harmonic frequency yields ~ω/kB = 2000 K, where kB is Boltzmann’s
constant.

(a. 10 pts.) Make a qualitative sketch of the interatomic potential V (r), for this diatomic
molecule.

(b. 10 pts.) What would the vibrational contribution to the heat capacity per molecule
cV be, if the equipartition theorem were valid? Why is the theorem not valid for O2 at room
temperature (300 K)?

(c. 15 pts.) Calculate the average energy E, in the canonical ensemble of O2 vibrational
states, as a function of temperature.

(d. 10 pts.) Obtain the temperature dependence of the vibrational contribution to the heat
capacity cV , in the low-temperature limit.

(e. 5 pts.) Make an order-of-magnitude estimate of the dimensionless ratio cV /kB at room
temperature, using the low-temperature result from above. How good do you expect this estimate
to be?

 

January 10, 2019
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2. Line of Blocks ( 50 pts.)

Consider a one-dimensional classical gas of N identical hard blocks, each of length a and mass m,
whose centers are confined to a region having length L.

The Hamiltonian for this system is given by

H =
N∑
i=1

p2i
2m

+
∑

1≤i<j≤N
V
(
|xi − xj |

)
,

where xi denotes the location of the center of the i-th block, and pi denotes its corresponding
momentum. The potential V

(
|x|
)
, has the form

V
(
|x|
)

=

{
+∞, |x| < a

0, |x| > a
.

The only effect of the potential is to enforce that the centers of any two blocks cannot be closer
than a apart. Otherwise, the blocks move freely.

(a. 5 pts.) What property of a real atomic gas does this potential correspond to?

(b. 10 pts.) By integrating over momenta, the canonical partition function can be written
in the form

Z(N,L, T ) =
AN

N !

∫ L

0
dx1

∫ L

0
dx2 · · ·

∫ L

0
dxN e−β

∑
1≤i<j≤N V (|xi−xj |),

where β−1 = kBT . Determine the coefficient A in terms of the mass m, and temperature T .

(c. 10 pts.) Although the integration over all x1, · · · , xN can be carried out, you are not
asked to do so. The result of the integration happens to be

Z(N,L, T ) =

(
A
[
L− (N − 1)a

])N
N !

.

How does this partition function compare with that of an ideal one-dimensional classical gas? Why
is it different?

(d. 15 pts.) The thermodynamic limit is specified by taking N → ∞ and L → ∞, with
the density ρ = N/L, held fixed. Compute the Helmholtz free energy per block, defined by
f = F/N = − 1

Nβ lnZ, in this limit.

(e. 10 pts.) In the thermodynamic limit, the Helmholtz free energy satisfies the fundamental
relation dF = −S dT − p dL, where p is the one-dimensional analog of pressure. Compute p, and
expand p in powers of the density ρ, to find the second virial coefficient.

 

January 10, 2019
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3. Two-Dimensional Fermi Gas ( 50 pts.)

Consider a gas of non-interacting fermions, confined to a two-dimensional region of area A = L2.
These fermions are spin one-half, nonrelativistic particles.

(a. 10 pts.) Obtain the density of nonrelativistic states, D(ε), which is defined to be the
number of eigenstates of a given spin, per area, per energy.

(b. 5 pts.) In the grand canonical ensemble, the average number of fermions in the gas is

N = gA

∫ ∞
0

D(ε) fFD(β, ε, µ) dε,

where g = 2 is the spin-degeneracy factor. What is the expression for the average energy E, of the
fermion gas?

(c. 10 pts.) At zero temperature T = 0, evaluate the average number of fermions N , in the
gas. Use this result to express the Fermi energy εF , in terms of the number density σ = N/A,
defined as the average number of fermions per unit area.

(d. 10 pts.) At zero temperature, evaluate the average energy E, of the gas. The result can
be expressed in the form E = C σn, where C is density independent. Determine the power n.

(e. 5 pts.) At high temperature T � TF , the gas of fermions can be treated classically.
Would the onset of classical behavior occur at a higher or at a lower temperature when the number
density is increased? Note: this can be explained qualitatively without answers from parts (c) or
(d).

(f. 10 pts.) At high temperature, what is the equation of state for the energy E = E(T ),
of this two-dimensional gas? While you may give a detailed calculation, it is considerably easier
to appeal to classical theorems that are valid at high temperature.

 

January 10, 2019
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F (x) = F (x0) + F ′(x0)(x− x0) +
1

2
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N∑
M=0

xM =
1− xN+1

1− x
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1

1− x
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N
M
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N
M
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−αx

α
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−αx

α2
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∫
x2 e−αx dx = −e

−αx

α3

(
2 + 2αx+ α2x2

)
+ C

∫ ∞
0

xne−αx dx =
n!

αn+1
for n = 0, 1, 2, · · ·

∫ +∞

−∞
x2ne−αx

2
dx =

√
π

α

(2n)!

(4α)n n!
for n = 0, 1, 2, · · · and α > 0
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1

eβ(ε−µ) − 1
fFD(ε, β, µ) =

1

eβ(ε−µ) + 1
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Qualifying Exam: Statistical Mechanics (June 2019)

Ph.D. Program in Physics
The Graduate Center, CUNY

� Solve 2 out of the following 3 problems.
� Indicate clearly which two problems you choose to solve, and show all calculations.
� Poorly reasoned or unintelligibly written answers will not be graded.
� Boltzmann’s constant k has been retained throughout, but you may employ units in which k ≡ 1.

1. Mixture of Two Isotopes ( 50 pts.)

A gas of hydrogen and deuterium atoms is contained in a volume V , and has reached thermal
equilibrium at a temperature T . The gas consists of NH hydrogen atoms and ND deuterium
atoms. Each hydrogen atom has four degenerate spin states, whereas each deuterium atom has
six degenerate spin states. The gas is sufficiently dilute that all interactions between atoms are
negligible, and the temperature is sufficiently high to treat the atoms classically.

(a. 5 pts.) The canonical partition function for a classical ideal gas of NA indistinguishable
particles of mass mA, with gA degenerate spin states, is given by

ZA =
1

NA!

(
gAV

λ3A

)NA

, with λA =

(
2π~2

mA k T

)1/2

.

Explain why the canonical partition function for the mixture Z, can be written as Z = ZH × ZD.

(b. 20 pts.) The total number of atoms in the mixture is N = NH +ND. In the thermody-
namic limit N →∞, obtain the Helmholtz free energy per atom, defined by

f(T, v, x) = −k T lim
N→∞

1

N
lnZ.

Assume that the volume per atom v = V/N , and the fraction of deuterium x = ND/N , remain
fixed as N →∞.

(c. 5 pts.) The equations of state for the gas mixture follow from the fundamental relation

df = −s dT − p dv + (µD − µH)dx.

Why does the last term on the right-hand side have the form shown?

(d. 15 pts.) Using f(T, v, x) from part (b), find the difference in chemical potentials µD−µH .
The natural abundance of deuterium is one atom for every 6, 420 atoms of hydrogen, and the mass
of deuterium is very nearly twice that of hydrogen. Use these facts to give a rough estimate for

(µD − µH)
/

(k T ).

(e. 5 pts.) In general terms, describe the physics that leads to the inequality µD < µH .

Page 1 of 4



2. Gas Refrigeration ( 50 pts.)

Three gases C, F , and B are to be cooled by a refrigerating material. In the temperature range of
interest, the heat capacities of the gases at constant volume are approximately

CC =
3

2
NC k, CF = 5NF k

T

TF
, CB = 2NB k

(
T

TB

)3/2

,

where NC , NF , and NB are the number of molecules of the respective gases. All three gases are
ideal and their molecules are non-relativistic.

(a. 9 pts.) Gas C is a classical gas. Provide an argument why the heat capacity CC is
given by the formula appearing above.

(b. 9 pts.) Gas F is a Fermi gas with TF = 2 K. Account for why an ideal Fermi gas has a
heat capacity CF ∝ T , for small temperatures T � TF .

(c. 9 pts.) Gas B is a Bose gas with TB = 2 K. With the same amount of refrigerating
material, it is possible to cool more B molecules than F molecules. In terms of the physics of these
gases, explain why this is so.

(d. 9 pts.) Consider one of the gases. Let its initial temperature be T1. The gas is then
brought in thermal contact with the refrigerating material, and achieves thermal equilibrium at
temperature T2. Using thermodynamics, confirm that the general expression

∫ T2
T1
C dT , gives the

heat lost by the gas, where C denotes the heat capacity of the gas at constant volume.

(e. 14 pts.) Suppose that the same amount of refrigerating material at the same initial
temperature is used to cool each gas from T1 = 0.10 K to T2 = 0.02 K. For each of the gases,
the heat gained by the refrigerator is fixed. Different amounts of each gas, however, are cooled.
Determine the ratios NF /NC and NB/NF .
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3. Degenerate Neutrino Gas ( 50 pts.)

This problem concerns a gas of neutrinos contained in a volume V . Neutrinos are spin one-half
particles that rarely interact with anything, and are nearly massless. The gas of neutrinos can thus
be considered ideal, with the neutrino dispersion relation having the form ε = c |p|, where p is the
neutrino’s momentum and c is the speed of light.

(a. 10 pts.) The neutrino density of states D(ε) is the number of energy eigenstates of a
given spin, per volume, per energy. Show that the density of states is given by

D(ε) =
ε2

2π2(~c)3
.

(b. 10 pts.) In the grand canonical ensemble, the average number of neutrinos in the gas is
given by

N = gV

∫ ∞
0

D(ε)fFD(ε, β, µ)dε,

where g = 2 is the spin-degeneracy factor and β−1 = k T . Evaluate this expression at zero
temperature to determine how the Fermi energy εF depends on the neutrino number density
ρ = N/V .

(c. 10 pts.) The internal energy of the gas must be proportional to the Fermi energy, namely

E
∣∣∣
T=0

= C εF . Determine the dimensionless constant C.

(d. 10 pts.) Using the Euler relation E−TS+p V −µN = 0, obtain the so-called degeneracy

pressure of the neutrino gas, namely p
∣∣∣
T=0

. How does it depend on ρ?

(e. 10 pts.) Now compare the neutrino gas to a photon gas. How does the photon density
of states compare to the neutrino density of states? How does the pressure of a zero-temperature
photon gas compare with that of a zero-temperature neutrino gas? To make the latter comparison,
the Euler relation should again prove useful.
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Formulas

F (x) = F (x0) + F ′(x0)(x− x0) +
1

2
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1
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M
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Qualifying Exam: Statistical Mechanics (January 2020)

Ph.D. Program in Physics
The Graduate Center, CUNY

� Solve 2 out of the following 3 problems.
� Indicate clearly which two problems you choose to solve, and show all calculations.
� Potentially useful formulas have been provided on the final page.
� Boltzmann’s constant has been retained throughout, but you may employ units in which kB ≡ 1.

1. Poisson Distribution ( 50 pts.)

Let V0 be the volume of a uniform, classical ideal gas consisting of N0 identical molecules. The
following questions concern a sub-volume V < V0 of the gas.

(a. 6 pts.) Explain why the probability to find N molecules of the gas in the sub-volume
V is given by

P(N) =
N0!

N ! (N0 −N)!

(
V

V0

)N (
1− V

V0

)N0−N
.

(b. 9 pts.) Using the probability P(N), show that the average number of molecules N , in
the sub-volume V , is given by

N = N0
V

V0
.

(c. 15 pts.) When the sub-volume is very small V � V0, show that the probability to find
N molecules in the sub-volume becomes a Poisson distribution

P(N) = e−N
NN

N !
. (1)

The Poission distribution in Eq. (1) can also be derived by treating the sub-volume of the classical
ideal gas in the grand canonical ensemble, for which N is not fixed but governed by a probability
distribution.

(d. 10 pts.) For a classical molecule in the volume V with an energy εk, the Maxwell-
Boltzmann distribution function fMB(εk, β, µ) = eβ(µ−εk), gives the average occupation number
of the k-th state. Using this fact and the laws of probability, explain why the probability for N
indistinguishable classical molecules to be in the volume V takes the form

P(N) =
1

X

1

N !

N∏
j=1

(∑
k

fMB(εk, β, µ)

)
,

where the sum on k extends over all single-molecule states in the sub-volume, and X is the grand
canonical partition function.

(e. 10 pts.) Complete this alternate derivation of the Poisson distribution by first recalling
the relation between X and the Landau free energy Φ = −p V , and then using the ideal gas law.
Note that Φ is also referred to as the grand potential.

Revised: corrected for typo error in 
problem #1.      - B. Tiburzi, 1/15/20



2. Change in Entropy ( 50 pts.)

A classical ideal gas of non-relativistic molecules with mass m is contained in a volume V . The
velocity v of each molecule is described by a probability distribution P(v). Up to an additive
constant, the entropy per molecule associated with the probability distribution is

s = −kB
∫

P(v) lnP(v) d3v. (2)

(a. 8 pts.) The gas is initially prepared at time t = 0, so that each molecule has velocity
v with probability

P(v) =

{(
4
3πv

3
0

)−1
for |v| ≤ v0

0 for |v| > v0
.

Compute the entropy per molecule of the gas at t = 0 using Eq. (2).

(b. 10 pts.) Also at t = 0, compute the average energy per molecule of the gas, which is
denoted by ε0.

(c. 10 pts.) After its initial preparation, the gas is in thermal contact with the surrounding
air, and eventually reaches a state of thermal equilibrium at temperature T . What is P(v) for
a molecule in the gas once thermal equilibrium has been reached? Make sure this probability
distribution is properly normalized.

(d. 10 pts.) Compute the entropy per molecule using Eq. (2) with the equilibrium proba-
bility distribution from part (c).

(e. 12 pts.) Suppose the average energy of the gas remains constant during the equilibration
process. Thus, the initial preparation was such that ε0 = ε, where ε = 3

2kBT is the equilibrium
equation of state. Use the answer for ε0 from part (b) to relate the parameter v0 to T . Then,
compute the change in entropy between the initial preparation and thermal equilibrium. Based
on the computation, did the gas gain or lose entropy? Reconcile the result with the laws of
thermodynamics.



3. Diamagnetism ( 50 pts.)

The energy eigenvalues obtained from solving the Schrödinger equation for an electron in a uniform
magnetic field B = B ẑ, are

ε(n, pz) =
~ |eB|
m

(
n+ 1

2

)
+

p2z
2m

,

where e and m are the electron’s charge and mass, respectively.1 The eigenvalues depend on two
quantum numbers: n is a discrete quantum number, having possible values n = 0, 1, 2, · · · , ∞;
whereas, pz is the electron’s momentum in the z-direction, which is continuous pz ∈ {−∞,∞}.
For a gas of non-interacting electrons in a magnetic field, the average number density ρ = N/V ,
of electrons in the grand canonical ensemble is given by

ρ = g
|eB|

(2π~)2

∞∑
n=0

∫ ∞
−∞

fFD

(
ε(n, pz), β, µ

)
dpz, (3)

where g = 2 is the spin degeneracy factor, and fFD is the Fermi-Dirac distribution function.

(a. 5 pts.) For high temperatures, explain why

fFD(ε, β, µ) −→ z e−βε,

where z = eβµ is the fugacity.

(b. 25 pts.) For high temperatures, evaluate the sum and integral in Eq. (3) to obtain the
relation between the number density ρ and the fugacity z. In particular, show that

ρ = g z

(
m

2π~2β

)3/2
[

1− 1

3!

(
β~ eB

2m

)2

+ · · ·

]
,

where the omitted terms depend on higher powers of β.

(c. 10 pts.) Use the form of Eq. (3) to argue that the average energy density u, of the gas
can be determined for high temperatures by the relation

u = −
(
∂ρ

∂β

)
z

.

(d. 10 pts.) The magnetic susceptibility of the gas is defined as

χ0 = − lim
B→0

(
∂2u

∂B2

)
T, ρ

.

Calculate the susceptibility for high temperatures, and show that it has the behavior χ0 ∝ −1/T .
The negative sign indicates diamagnetism.

1 The electron magnetic moment is neglected in this result, and throughout this problem.



Formulas

F (x) = F (x0) + F ′(x0)(x− x0) +
1

2!
F ′′(x0)(x− x0)2 +

1

3!
F ′′′(x0)(x− x0)3 + O

[
(x− x0)4

]

lnN ! = N lnN −N + · · · for N � 1 lim
N→∞

(
1 +

x

N

)N
= ex

N∑
M=0

xM =
1− xN+1

1− x

∞∑
M=0

xM =
1

1− x
, |x| < 1

N∑
M=0

(
N
M

)
xMyN−M = (x+ y)N

(
N
M

)
=

N !

M !(N −M)!

∫
e−αx dx = −e

−αx

α
+ C

∫
x e−αx dx = −e

−αx

α2
(1 + αx) + C

∫
x2 e−αx dx = −e

−αx

α3

(
2 + 2αx+ α2x2

)
+ C

∫ ∞
0

xne−αx dx =
n!

αn+1
for n = 0, 1, 2, · · ·

∫ +∞

−∞
x2ne−αx

2
dx =

√
π

α

(2n)!

(4α)n n!
for n = 0, 1, 2, · · · and α > 0

fBE(ε, β, µ) =
[
eβ(ε−µ) − 1

]−1
fFD(ε, β, µ) =

[
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]−1



Qualifying Exam: Statistical Mechanics (Summer 2020)

Ph.D. Program in Physics
The Graduate Center, CUNY

� Solve 2 out of the following 3 problems.
� Make sure to justify your assertions and show all calculations.
� Potentially useful formulas have been provided on the final page.
� Boltzmann’s constant has been retained throughout, but you may employ units in which kB ≡ 1.

1. Probability Density for a Random Walk ( 50 pts.)

In a one-dimensional random walk, probability governs the location of a person moving along the x-
axis in steps of length L. When the position x ∈ (−∞,+∞) is considered as a continuous variable,
the probability per unit length to have position x after one step in the random walk starting at
the origin is given by

P(x) = p δ(x− L) + q δ(x+ L),

where δ(x) is Dirac’s delta-function.

(a. 2 pts.) What normalization condition must the probability density satisfy, and what
constraint does the condition put on the parameters p and q?

(b. 3 pts.) The entire walk consists of N independent random steps, each taken according
to the probability density P(x). After N steps, the probability per unit length to be at the position
X is

P(X|N) =

∫ +∞

−∞
dx1 · · ·

∫ +∞

−∞
dxN P(x1) · · ·P(xN ) δ(X − x1 − · · · − xN ). (1)

What normalization condition must this probability density satisfy? Verify that P(X|N) indeed
satisfies the condition.

(c. 10 pts.) Using the Fourier representation for the delta-function δ(x) =
∫ +∞
−∞

dk
2π e

ikx,
show that the conditional probability density in Eq. (1) can be expressed as

P(X|N) =

∫ +∞

−∞

dk

2π

[
P̃(k)

]N
eikX ,

where P̃(k) =
∫ +∞
−∞ dxP(x)e−ikx is the Fourier transform of the probability density.

(d. 5 pts.) Evaluate the Fourier transform of the probability density.

(e. 15 pts.) Use P̃(k) to obtain P(X|N). The binomial theorem will prove useful to evaluate
the integral at the cost of introducing a sum over terms.

(f. 15 pts.) Finally, determine the probability for the person to be found at a position X
in the range −ε to +ε after N steps, where 0 < ε/L � 1. Make sure to consider both even and
odd values of N .



2. Thermal Pair Creation ( 50 pts.)

The positron e+ is an elementary particle with the same mass and spin as the electron e−, but
with the opposite-sign electric charge. When a gas of photons is contained in a volume V at the
temperature T , electrons and positrons can be produced in pairs through the reaction

γ −→ e− + e+.

Equilibrium thermodynamics of the photons, electrons, and positrons can be described with the
grand partition function X(T, V, µγ , µ−, µ+), where µγ is the chemical potential for photons, while
µ∓ are the chemical potentials for electrons and positrons, respectively.

(a. 3 pts.) For sufficiently low densities, all interactions can be neglected at equilibrium.
Explain why this fact leads to a grand partition function having the form X = Xγ X−X+. What is
the consequence of this form on the system’s Landau free energy Φ? [ Note that Φ is also referred
to as the grand potential. ]

(b. 3 pts.) What is the value of the chemical potential for photons?

(c. 3 pts.) What condition expresses chemical equilibrium of this three-component gas?

(d. 10 pts.) For sufficiently high temperatures, the electrons and positrons can be treated
classically and non-relativistically. Recall that the Landau free energy for a non-relativistic classical
ideal gas is given by the formula

Φclassical(T, V, µ) = −V eβµ
( m

2π~2
)3/2

(kBT )5/2,

where β = (kBT )−1. This formula, however, neglects rest mass and spin degeneracy. As matter
is created from energy, we must include the rest mass in the dispersion relation, which is then

ε = mc2 + p2

2m , for both electrons and positrons. Determine expressions for the Landau free
energies of electrons Φ−, and positrons Φ+, that account for the rest mass and spin degeneracy.

(e. 15 pts.) Assuming the gas is initially only photons, how must the number densities of
electrons and positrons compare? Use the Landau free energies Φ∓ to obtain expressions for the
equilibrium number densities in terms of the chemical potentials µ∓. In order to satisfy the relation
between number densities, how then must µ∓ be related?

(f. 8 pts.) Combine the results of parts (b), (c), and (e) to obtain an expression for
the positron number density at equilibrium as a function of only the temperature. Above what
characteristic temperature will there be a non-negligible number density of positrons? Do not give
a numerical answer; instead, write your answer in terms of parameters of the problem.

(g. 8 pts.) Now consider spinless charged particles ϕ− and ϕ+ that have opposite-sign elec-
tric charges, but the same mass mϕ. Consider thermal production of these charged pairs through
the reaction γ −→ ϕ− + ϕ+. Treating these charged particles classically and non-relativistically,
obtain a formula for the equilibrium number density of ϕ+ particles. At the temperature T , give
an expression for the ratio of the number of thermally produced ϕ+ particles to the number of
thermally produced positrons e+.



3. Confined Versus Bound ( 50 pts.)

Non-relativistic particles of mass m are confined inside a container of volume V . In addition
to the strong repulsive potential at the walls of the container, each particle also experiences an
attractive trapping potential that supports one bound state, with energy εo < 0. The attractive
potential, hence the bound state, is well localized at the center of the container. The gas is
in thermal equilibrium at temperature T , consists of N particles, and is sufficiently dilute that
interactions between particles can be neglected. The temperature is sufficiently high, moreover,
that the particles obey Maxwell-Boltzmann statistics, i.e. the average occupation number of all
states (including the bound state) is much less than one.

(a. 5 pts.) Without the attractive potential, determine the canonical partition function Z
for the gas.

(b. 5 pts.) With the attractive potential, the bound state must be included in the sum
over single-particle states. How is the canonical partition function for the gas modified?

(c. 10 pts.) What is the probability for a particle of the gas to be bound to the attractive
potential? Explain the behavior of this probability in the high-temperature limit.

(d. 5 pts.) The thermodynamic equation of state for the pressure of a classical ideal gas
can be written as p β = ρ, where β = (kBT )−1 and ρ = N/V . Qualitatively how should this
equation of state be affected by the existence of the bound state?

(e. 15 pts.) Compute the equation of state for pressure using the partition function from
part (b) starting with the relation βF = − lnZ, where F is the Helmholtz free energy. Demonstrate
that the qualitative expectation in part (d) is met.

(f. 10 pts.) What is the equation of state for the internal energy E of the gas, and what is
its high-temperature limit?
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Qualifying Exam: Statistical Mechanics (January 2021)

Ph.D. Program in Physics
The Graduate Center, CUNY

� Solve 2 out of the following 3 problems.
� Indicate clearly which two problems you choose to solve, and show all calculations.
� Boltzmann’s constant has been retained throughout, but you may employ units in which kB ≡ 1.

1. Gas Molecules in Lattice Cells ( 50 pts.)

This problem concerns a simplified model of a classical lattice gas. The gas consists of N indistin-
guishable molecules distributed in lattice cells, where every cell has a fixed volume vc. The number
of lattice cells is C, so that the total volume that can be occupied by the gas is V = C vc. While
there are a large number of gas molecules N � 1, there are more cells than molecules C > N .
Each lattice cell can either be empty or occupied by a single molecule.

(a. 4 pts.) Explain why the number of microscopic states of the lattice gas is given by the
expression

Ω(V,N) =
1

N !

(
V

vc

)
!
/(V

vc
−N

)
!

(b. 14 pts.) The microcanonical entropy is given by S(V,N) = kB ln Ω(V,N). In the ther-
modynamic limit, determine the entropy per molecule s(v). The thermodynamic limit is specified
by a large number of molecules N � 1, but with the volume per molecule v = V/N , taken to be

an intensive quantity. For reference, Stirling’s formula reads lnN !
N�1
= N lnN −N + O(lnN).

(c. 10 pts.) Obtain the thermodynamic equation of state for the pressure of the lattice
gas. Note that in the entropy description of thermodynamics, pressure is defined by the relation
p = T

(
∂S
∂V

)
N

.

(d. 8 pts.) It is common to express the equation of state for pressure in the virial expansion

p

kBT
= Aρ+B ρ2 + · · · ,

where the number density of molecules ρ = N/V , is assumed to be small. From the pressure of the
lattice gas, determine the parameters A and B. How does the result compare to that of a classical
ideal gas?

(e. 4 pts.) What dimensionless ratio governs the convergence of the small-density ex-
pansion of the lattice gas equation of state? This question can be answered without an explicit
expression from part (d).

(f. 10 pts.) The isothermal compressibility is defined by κT = − 1
V

(
∂V
∂p

)
T,N

. Obtain the

isothermal compressibility of a gas whose pressure has the virial expansion given in part (d). Leave
the answer in terms of the parameters A and B. Does the thermodynamic stability condition
κT > 0, imply anything about the sign of A or B?

Problems - Statistical Mechanics 
January 2021 First Examination 
Ph.D. Program in Physics - The Graduate Center CUNY



2. Simple Model of a Liquid ( 50 pts.)

This problem concerns phase equilibrium between a liquid and its vapor. The vapor is a classical
ideal gas of Ng molecules in a volume V , and its canonical partition function Zg has the familiar
form

Zg(T, V,Ng) =

(
e V

λ3Ng

)Ng

,

where λ = ~ (2πβ/m)1/2 is the thermal de Broglie wavelength, with β = (kBT )−1. For a liquid
consisting of N` molecules, a simple model for its canonical partition function Z` is

Z`(T,N`) =

(
e1+βη v0
λ3

)N`

,

where η > 0 is a model parameter. The liquid’s partition function is similar to that of a classical
ideal gas; however, it is volume independent. Unlike its vapor, the liquid is incompressible. In
the model, this is achieved by defining v0, the volume accessible to a molecule in the liquid, to be
constant (independent of both V and N`). Notice that both partition functions have been written
down in the thermodynamic limit.

(a. 4 pts.) Given that the vapor is a classical ideal gas, what is the average energy per
molecule εg in the vapor phase?

(b. 6 pts.) The Euler relation for the vapor reads

Eg = T Sg − p V + µgNg,

where µg is the chemical potential of the vapor. Starting with the Euler relation, use the equations
of state for a classical ideal gas to show that the entropy per molecule in the vapor phase sg,
satisfies the equation sg = kB

(
5
2 − βµg

)
.

(c. 10 pts.) Using the liquid’s partition function Z` given above, determine the average
energy per molecule ε` in the liquid phase, and use the result to provide a physical interpretation
of the parameter η. To compute the average energy, it may help to recall that a canonical partition
function has the schematic form Z =

∑
i e
−βEi .

(d. 5 pts.) The Euler relation for the liquid reads

E` = T S` + µ`N`,

where µ` is the chemical potential of the liquid. Express the entropy per molecule in the liquid
phase s`, in terms of the chemical potential µ`. Explain the differences in this expression compared
to that for the vapor in part (b).

(e. 4 pts.) Use the condition of phase equilibrium to show that the latent heat of vapor-
ization L = T (sg − s`) is given by the formula L = kBT + η.

(f. 15 pts.) In the canonical ensemble, the chemical potential µ is obtained from a partition
function Z(T, V,N) through the relation µ = −kBT

(
∂ lnZ
∂N

)
T,V

. Obtain expressions for the chemical
potentials µg and µ`, using the partition functions for the vapor and the liquid, respectively.

(g. 6 pts.) Finally, use the condition of phase equilibrium to derive an experimentally
testable prediction of this simple model

L

kBT
= ln

(
vg
v0

)
.

Problems - Statistical Mechanics 
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3. One-Dimensional Fermions in a Harmonic Potential ( 50 pts.)

A quantum gas of non-interacting fermions occupies a narrow strip that can be approximated as
one dimensional. Motion of the fermions in this single dimension is subject to a harmonic potential;

that is, each fermion is described by the Hamiltonian H = p2x
2m + 1

2mω
2x2 − 1

2~ω, for which the
single-particle energies are

εn = ~ω n,

where n is the oscillator quantum number, n = 0, 1, 2, · · · . The gas is in thermal equilibrium at
temperature T , and in chemical equilibrium with chemical potential µ.

(a. 5 pts.) Explain why the average number of fermions in the gas is given by the formula

N = g
∞∑
n=0

[
z−1eβ~ω n + 1

]−1
,

where g is the spin-degeneracy factor, z = eβµ is the fugacity, and β = (kBT )−1.

(b. 5 pts.) When β~ω � 1, show that the average number of fermions can be obtained
from the approximate expression

N =
g

β~ω

∫ ∞
0

dx

z−1ex + 1
.

(c. 15 pts.) Compute d
dx ln(1 + z e−x). Use the result to evaluate the integral in part (b),

and then solve for the chemical potential in the form µ = µ(T,N).

(d. 10 pts.) Show that the behavior of the chemical potential for Nβ~ω � 1 is given by

µ = kBT

[
ln

(
Nβ~ω
g

)
+
Nβ~ω

2g
+ · · ·

]
.

What physics underlies the sign of the chemical potential in this regime?

(e. 15 pts.) Obtain the behavior of the chemical potential in the opposite regime, namely
for Nβ~ω � 1. Account for both the sign and magnitude of the result in terms of physics. Also
obtain the first correction to this result, and give a qualitative explanation of its sign.

Problems - Statistical Mechanics 
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Statistical Mechanics, Graduate Center CUNY, Qualifying Exam, June 2021

Question 1 (50 points). Consider an ideal Bose gas of N � 1 quantum particles with spin S = 0.
The gas is sealed in a container of volume V , at a temperature T , below the transition temperature of
Bose-Einstein condensation, T < Tc.

(a) (20 points) Find the pressure P , as a function of the temperature T , for T < Tc. Make a graph P
vs. T for temperatures 0 < T < Tc.

(b) (20 points). Find the entropy S of the gas (10 points) and the heat capacity of the gas, CV , (10
points) as functions of temperature. In your calculation, consistently assume that T < Tc.

(c) (10 points). Find the equation of state of the gas in the adiabatic process (S = const.) at
temperatures below Tc. Represent your answer in the form PV γ = const. and determine the
exponent γ. Does the value of γ, which you have found, differ from the value γ = 5/3 for a
classical ideal gas? Make a graph of P vs. T , for the range of temperature 0 < T < Tc.

Question 2 (50 points). An astronaut in outer space measures the dependence on temperature of the
heat capacity of helium gas, stored in a sealed cylindrical container of height H. After returning to
Earth, she repeats the same measurement. Are the results of the two measurements different? If so,
how different? Plot a qualitative graph of the heat capacity vs. temperature for both cases.

In your calculations, assume that H � kBT/mg, where T and m are the temperature and the
mass of a helium atom, respectively. Include the leading non-vanishing contribution due to the free-fall
acceleration g.

Useful equations

F = −NkBT log

(
e

N

∑
k

e
− ε
kBT

)
for a classical gas

Ω = kBT
∑
k

log
(

1− e
µ−ε
kBT

)
for a Bose gas at arbitrary temperature

Ω = −PV = F − µN, dF = −SdT − PdV + µdN, CV = T

(
∂S

∂T

)
V∫ ∞

0

z
1
2dz

ez − 1
=

√
π

2
ζ
(

3

2

)
,

∫ ∞
0

z
3
2dz

ez − 1
=

3
√
π

4
ζ
(

5

2

)
, ζ

(
3

2

)
≈ 2.61, ζ

(
5

2

)
≈ 1.34.

(here ζ(x ) is the Riemann zeta function.)

ez = 1 + z +
1

2!
z2 +

1

3!
z3 + . . . , log(1 + z) = z − 1

2
z2 +

1

3
z3 + . . . (for z � 1)

Statistical Mechanics - Problems 
Ph.D. Program in Physics - The Graduate Center CUNY



Statistical Mechanics, Graduate Center CUNY, Qualifying Exam, August 2021

Question 1 (60 points). Cosmic background radiation is the electromagnetic radiation in outer
space remaining from Big Bang.

(a) (20 points) Consider the photons in the radiation as massless Bose particles that have two
independent polarizations (g = 2) and the linear relation εp = cp between the energy and
momentum (here, c is the speed of light). With the assumption that the cosmic background
radiation is thermal and has the absolute temperature T , derive the energy density (i.e, energy
per unit volume) of the radiation.

(b) (20 points) With the assumptions of part (a), derive the pressure produced by the cosmic
background radiation.

(c) (20 points) By using the formulae you obtained in parts (a) and (b) above, numerically
estimate (by the order of magnitude) the energy density (10 points) and the radiation pressure
(10 points), expressed in J/m3 and Pa, respectively, for the cosmic background. Assume that
the temperature of the cosmic background is T = 3 K. The relevant constants are listed below
in the “Useful equations and constants” section.

Question 2 (40 points). The heat capacity of a body at constant pressure is written CP , and the
heat capacity of a body at constant volume is written CV .

(a) (30 points) Express CP − CV in terms of the the derivatives (∂V/∂T )P and (∂V/∂P )T .

(b) (10 points) By using the formula you obtained in part (a), calculate CP −CV for an ideal gas,
obeying the equation PV = NkBT .

Useful equations and constants

F = −NkBT log

(
e

N

∑
k

e
− ε
kBT

)
for a classical gas

Ω = kBT
∑
k

log
(

1 − e
µ−ε
kBT

)
for a Bose gas at arbitrary temperature

Ω = −PV = F − µN

The free energy differential: dF = −SdT − PdV + µdN

The Gibbs energy: Φ = F + pV, dΦ = −SdT + V dP + µdN

The energy: E = F + TS

CV = T

(
∂S

∂T

)
V

, CP = T

(
∂S

∂T

)
P∫ ∞

0

z3dz

ez − 1
= Γ(4) · ζ(4), Γ(4) = 6, ζ(4) =

π4

90
(1)

The Jacobian ∂(u, v)/∂(x, y) is defined as the determinant

∂(u, v)

∂(x, y)
=

∣∣∣∣∣ ∂u/∂x ∂u/∂y
∂v/∂x ∂v/∂y

∣∣∣∣∣ . (2)

PhD Program in Physics



The Jacobian has the properties:

∂(u, y)

∂(x, y)
=

(
∂u

∂x

)
y

;
∂(u, v)

∂(x, y)
=
∂(u, v)

∂(a, b)
· ∂(a, b)

∂(x, y)
;

∂(u, v)

∂(u, v)
= 1.

(3)

Useful constants:

• Speed of light is c = 3.00 × 108 m/s

• The Boltzmann constant is kB = 1.38 × 10−23 J/K

• Planck’s constant is h̄ = 1.05 × 10−34 J·s.

2



Statistical Physics, Qualifier exam. Show all the work.

1. Evaporation is an effective cooling mechanism. This problem is about cooling by means of
effusion as a simplified model of such a mechanism. A thermally isolated classical ideal gas of N
identical atoms of mass m is inside a container of volume V at temperature T . There is a small hole
of area A in the wall of the container allowing atoms to escape into vacuum. As a result, N and
T of the remaining gas become t (time) dependent. The rates dN/dt and dE/dt are determined
by the corresponding fluxes of the escaping atoms IN = N

4V A〈v〉 and IE = N
4V A〈vε〉, where E, ε, v

stand for the total mean energy of the gas inside the container, energy and speed of one particle,
respectively; 〈...〉 is the statistical averaging under the approximation that the process of effusion
is quasistatic. [You can use T in energy units, that is, Boltzmann’s constant KB = 1 ].

1. Using classical Boltzmann statistics write down the probability dP of finding N indistinguish-
able particles with the linear momenta ~p1, ~p2, ..., ~pN at the positions ~x1, ~x2, ..., ~xN within the
corresponding intervals d~p1d~x1, d~p2d~x2, ..., d~pNd~xN of the phase space (5 pts);

2. Show all the steps how to obtain from dP the probability dP1(v) of finding a particle with
the speed v in the interval dv at any point inside the container (10 pts);

3. Express E as a function of N,T and ε in terms of m, v (5 pts);

4. Evaluate 〈v〉 and 〈vε〉 in terms of T,m (10 pts);

5. Write down the equations for dN/dt, dE/dt (10 pts);

6. Solve the equations for T (t), N(t) assuming that T (t = 0) = T0 and N(t = 0) = N0 (10 pts).

2. A thermal engine uses a working substance characterized by Helmholtz free energy F = −gT aV ,
where g > 0, a > 2 are some known constants; T – temperature and V stands for volume. The
corresponding cycle is represented in Fig.1. The process 1→ 2 is described by a straight line with
a given fixed ratio α = P2/P1 > 1; The process 2→3 is adiabatic and 3→ 1 is isobaric.

P

V

P1

P2

V3
V2

1

2

3

0

1. Find pressure P (T, V ), entropy S(T, V ), energy E(T, V ) and enthalpy H(T, V ) of the sub-
stance (10 pts);

1

Statistical Mechanics - June 2022 Qualifying Examination 
PhD Program in Physics  
The Graduate Center CUNY



2. Express the heat ejected from the substance during one cycle Qc in terms of P1, V3 (5 pts);

3. Express the heat supplied to the substance during one cycle Qh in terms of P1, P2, V2 (5 pts);

4. What is the functional dependence P (V ) during the process 2→ 3? (10 pts);

5. Find the efficiency η of the engine in terms of α, a. [No other parameters must enter your
answer]. Compare it with the efficiency of the Carnot engine working between the same
maximum and minimum temperatures (10 pts).

6. Identify the value of a and explain your answers in the following cases : i) The substance is
Black Body radiation; ii) The substance is an ideal Bose gas in the presence of a Bose-Einstein
condensate; (10 pts)

Useful relations

Some integrals:

1.
∫∞
−∞ dxe−ax

2
=

√
π
a , a > 0;

2.
∫∞
−∞ dxx

2ne−ax
2

= (−1)n dn

dan

√
π
a , a > 0, n = 1, 2, ...;

3.
∫∞
0 dxx2n+1e−ax

2
= n!

2an+1 , a > 0, n = 0, 1, 2, ....

Differentials of some basic thermal potentials :

1. dE = −PdV + TdS;

2. dF = −PdV − SdT, F = E − TS;

3. dH = V dP + TdS, H = E + PV ;

4. Isobaric: dP = 0; Adiabatic: dS = 0.

2

Statistical Mechanics - June 2022 Qualifying Examination 
PhD Program in Physics  
The Graduate Center CUNY


	ALL MASTER FILE.PROBLEM SET.STATISTICAL MECHANICS.JUNE 2010 THRU JUNE 2015
	PROBLEM SET.STATISTICAL MECHANICS.N GIOVAMBATTISTA & L DEYCH.JAN 2014.1ST EXAM.01 08 14.FINAL.pdf
	statMech-QualExam-Jan2014


	PROBLEM SET.STAT MECH.1ST EXAM.WINTER 2016.01 19 16.FINAL

	Text2: 1st Exam - January 24, 2012
	Text1: Ph.D. Program in Physics - Graduate Center CUNY
	Text3: Statistical Mechanics - Page 2 of 2


