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THE CITY UNIVERSITY OF NEW YORK
First Examination for PhD Candidates in Physics

Analytical Dynamics
Summer 2010

Do two of the following three problems. Start each problem on a new page. Indicate clearly which two
problems you choose to solve. If you do not indicate which problems you wish to be graded, only the first
two problems will be graded. Put your identification number on each page.

1. A particle moves without friction on the axially symmetric surface given by

z =
1
2
br2, x = r cos φ, y = r sinφ

where b > 0 is constant and z is the vertical direction. The particle is subject to a homogeneous
gravitational force in z-direction given by −mg where g is the gravitational acceleration.

(a) (2 points) Write down the Lagrangian for the system in terms of the generalized coordinates r
and φ.

(b) (3 points) Write down the equations of motion.
(c) (5 points) Find the Hamiltonian of the system.
(d) (5 points) Assume that the particle is moving in a circular orbit at height z = a. Obtain its

energy and angular momentum in terms of a, b, g.
(e) (10 points) The particle in the horizontal orbit is poked downwards slightly. Obtain the frequency

of oscillation about the unperturbed orbit for a very small oscillation amplitude.

2. Use relativistic dynamics to solve the following problem: A particle of rest mass m and initial velocity
v0 along the x-axis is subject after t = 0 to a constant force F acting in the y-direction.

(a) (15 points) Find the magnitude of the velocity of the mass m at any time t. Show that |v| → c
for t →∞.

(b) (10 points) Assuming that the particle started at t = 0 at the origin (0, 0), find the x and the y
coordinate of the particle at any time t. Hint: You might find the following integral useful:∫

dt√
a2 + t2

= asinh
(

t

a

)
3. Consider a point mass m under the influence of a potential V given in cylindrical coordinates (r, φ, z)

as
V =

γ√
r2 + z2

− Fz

with positive constants γ and F .

(a) (4 points) Find the Lagrangian in parabolic coordinates (ξ, η, φ). Hint: Parabolic coordinates are
related to cylindrical coordinates (r, φ, z) through the relations

r =
√

ξη, z =
1
2
(ξ − η), φ = φ .

(b) (3 points) Find the Hamiltonian in parabolic coordinates.
(c) (1 point) Show that φ is cyclic. Call pφ =: α2.
(d) (2 points) Set up the Hamilton-Jacobi equation to find the generating function S in the form

S = S(ξ, η, φ,E, α2, α3, t)

(e) (15 points) Find S in terms of quadratures (you do not need to find closed-form solutions of the
occuring integrals).



THE CITY UNIVERSITY OF NEW YORK
First Examination for PhD Candidates in Physics

Analytical Dynamics
Winter 2011

Do two of the following three problems. Start each problem on a new page. Indicate clearly which
two problems you choose to solve. If you do not indicate which problems you wish to be graded,
only the first two problems will be graded. Put your identification number on each page.

1. Consider a nonrelativistic electron of mass m, charge −e in a cylindrical magneton that moves
between a wire of radius a at a negative electric potential −φ0 and a concentric cylindrical
conductor of radius R at zero potential. There is a uniform constant magnetic field B parallel
to the axis. Use cylindrical coordinates r, θ, z. The electric potential and the magnetic vector
potential can be written as

φ = −φ0
ln(r/R)
ln(a/R)

, A =
1
2
Breθ

where eθ denotes a unit vector in the direction of increasing θ.

(a) (10 points) Using that the Lagrangian on the system is given by

L =
1
2
mṙ2 + eφ− eṙ ·A

find the generalized momenta and the Hamiltonian of the system.

(b) (5 points) Show that there are three constants of motion.

(c) (10 points) Assuming that an electron leaves the inner wire with zero initial velocity,
there is a value of the magnetic field Bc such that for B ≤ Bc the electron can reach the
outer cylinder, and for B > Bc, the electron cannot reach the outer cylinder. Find Bc.
You may assume a � R in this part of the problem.

2. Consider an infinitely long straight stardust string with a linear mass density λ. A star of
mass M is moving in the plane z = 0 around the string.

(a) (10 points) Show that the potential V is given by

V = 2GMλ ln(r)

where r is the distance of the star to the string. Hint: For one way of solving the
problem, you can use ∫

dx

(x2 + a2)3/2
=

x

a2
√

a2 + x2

(b) ( 5 points) Find the Lagrangian of the system, write down the Euler-Lagrange equations
and find the effective potential of the motion.

(c) (10 points) Show that a cirular orbit is possible and find the frequency of small oscilla-
tions around the circular orbit.



3. Consider a Hamiltonian system with the Hamiltonian given by

H(q, p) = κq2p2, κ > 0 .

(a) (7 points) What is the Lagrangian of the system?

(b) (8 points) Set up the Hamilton-Jacobi equation for the system and solve this equation
to find the generating function S = S(q, P, t).

(c) (10 points) Use the found S to find the solutions q(t) and p(t). Show by direct substi-
tution that they are solutions to the corresponding Hamilton’s equations.



THE CITY UNIVERSITY OF NEW YORK
First Examination for PhD Candidates in Physics

Analytical Dynamics
Summer 2011

Do two of the following three problems. Start each problem on a new page. Indicate clearly
which two problems you choose to solve. If you do not indicate which problems you wish
to be graded, only the first two problems will be graded. Put your identification number on
each page.

1. A point mass m moves in the (x, y)-plane under the influence of a potential given by

V (x, y) = α2 (x− y)2 + x2

x2 + d2

(a) (1 points) Find the Lagrangian of the system.

(b) (1 point) Find a conserved quantity.

(c) (3 points) Compute ∇V and show that the origin (0, 0) is a stable equilibrium.

(d) (10 points) Find the frequencies of small oscillations around this equilibrium.

(e) (10 points) Find the corresponding eigenvectors.

2. Consider a Hamiltonian given by

H =
p2

2m

(
L

q

)2

− λq2

(a) (2 points) Write down Hamilton’s equations for the system.

(b) (5 points) Show that, in general, for a generating function F2(qi, Pi, t), the follow-
ing relationships hold:

pi =
∂F2

∂qi

, Qi =
∂F2

∂Pi

(c) (3 points) Find a generating function F2(q, P, t) such that the new momentum
will lead to a canonical kinetic energy (hence define P = pL/q).

(d) (5 points) Find the new Hamiltonian K(P, Q, t).

(e) (5 points) Solve Hamilton’s equations in the new coordinate system.

(f) (5 points) Invert the transformation to find q(t) and p(t) explicitly.



3. Consider a moving particle with particle with a 4-velocity uµ, a proper time τ and a
rest mass m0.

(a) (5 points) Using the fact that the line element ds2 is a Lorentz-scalar, show that
the relationship between dt and the proper time dτ is given by dτ = dt/γ.

(b) (5 points) What is the minimum kinetic energy that the particle needs in order
to move with a speed of at least 0.8c?

(c) (2 points) The generalization of Newton’s law is given by

F µ =
dpµ

dτ
, pµ = (E/c, ~p)

Show that the zero-component F 0 is given by

F 0 =
γ

c

dE

dt

(d) (13 points) For particles with a charge q, the covariant form of the Lorentz-force
is written as

F µ =
q

c

(
∂µ(uνAν)− dAµ

dτ

)
, A = (V, ~A)

where V (~x, t) is the electric potential, and ∂µ = ∂/(∂xµ) = (∂/∂(ct),−~∇). Com-
pute first the scalar product uνA

ν (hint: uµ = γ(c, ~u)) and show then that

dE

dt
= q~u · ~E

with ~E = −1
c

∂A
∂t
− ~∇V .



THE CITY UNIVERSITY OF NEW YORK 
First Examination for PhD Candidates in Physics 

Classical Mechanics 
January 2012 

 
Solve two out of the following three problems.  Each problem is worth 25 points.  Start each problem 
on a new page.  Indicate clearly which two problems you choose to solve.  If you do not indicate which 
problems you wish to be graded, the first two problems will be graded.  PUT YOUR 
IDENTIFICATION NUMBER ON EACH PAGE. 
 

Problem 1. 

 
 
A particle of mass m slides on the surface of a right circular cone with base angle θ  
without friction.  The base of the cone is in the horizontal plane.  The acceleration of 
gravity is g.  The particle is connected to the tip of the cone by a nonlinear spring whose 
potential energy depends on its length s by the formula 
 

( ) 4

4
kV s s=  

where k > 0. 
a) [5 points]  Write the Hamiltonian for the system. 
b) [5 points]  Write down Hamilton’s equations of motion. 
c) [4 points]  Find two constants of the motion. 
d) [5 points]  For a given value of the orbital angular momentum L around the z-axis 
find the possible lengths of the spring, s0, for which the lengths remain constant in time. 
e) [6 points]  Find the frequencies of small oscillations of the length of the spring 
about the positions found in part d. 
 



Problem 2. 

 
 
An observer in the earth laboratory E witnesses the collision of two rockets, L and R.  
She measures the lengths of the rockets to be L and l, respectively.  She sees the left 
rocket (L) moving to the right with speed v and the right rocket (R) moving to the left 
with speed u before the collision.  Solve this problem using relativistic formulas. 
 

a) [ 5 points]  Find the proper length, l0, of the right rocket.  (Recall that the proper 
length of the rocket is measured by an observer at rest relative to the rocket). 

b) [ 7 points]  Find the speed of the right rocket as observed by the captain of the left 
rocket before the collision. 

Assume that the captain of the left rocket sees that the right rocket bounces off it with 
approximately the same speed as in part b but in the opposite direction.  He also sees that 
his speed relative to the earth is approximately unchanged by the collision. 

c) [6 points]  Find the velocity that the lab observer sees for the right rocket after the 
collision. 
 

Next, assume that the mass of the left rocket is M and the mass of the right rocket is m.   
 

 
 

d) [ 7 points]  If the rockets were to make a completely inelastic collision, i.e., they 
stick together when they collide, find the combined rest mass of the merged 
rockets. 



Problem 3. 
 
Consider the transformation of phase space coordinates from the canonically 
conjugate pair (q,p) to (Q,P) given by: 

 

 
a) [6 points]  Evaluate the Poisson brackets [Q,P]. 
b) [4 points]  Suppose a dynamical system is governed by the Hamiltonian 

 
Obtain the Hamilton equations of motion for the phase space coordinates Q and P. 

c) [3 points]  Integrate the equations of motion to obtain P(t) and Q(t).   
d) [6 points]  If q(0)=q0 and p(0) = 0 find q(t) and p(t). 
e) [6 points]  Find the generating function  which produces the canonical 

transformation according to the formulas  

 
 

Useful hyperbolic function formulas: 
 

 

 
 

 
 
 

 
 



 THE CITY UNIVERSITY OF NEW YORK 
First Examination for PhD Candidates in Physics 

Classical Mechanics 
June 2012 

 
Solve two out of the following three problems.  Each problem is worth 25 points.  Start each problem 
on a new page.  Indicate clearly which two problems you choose to solve.  If you do not indicate which 
problems you wish to be graded, the first two problems on your answer sheets will be graded.  PUT 
YOUR IDENTIFICATION NUMBER ON EACH PAGE. 
 

Problem 1. 
  

 
 
A particle of mass m is tied by a massless string of fixed length L to a point P 
fixed on the surface of a stationary cylindrical post of radius R.  The particle 
moves in the horizontal plane perpendicular to the post.  The initial velocity of the 
particle is v0 and it moves initially along the y-direction.  Let θ be the angle 
between the x-axis and a line drawn from the origin and the point of contact of the 
string with the cylinder.  As the string wraps around the post the angle θ increases 
and the length of string decreases. 
 
a) [13 points]  Obtain a formula for the kinetic energy in terms of θ and d θ/dt. 
b) [5 points]    Find the equations of motion for the particle. 
c) [5 points]    What is the period of oscillation of the particle. 
d) [2 points]    With what speed will the particle strike the post? 

 



  
Problem 2. 
 

 
 
 
 

Consider a high energy collision process in which a beam of antiprotons, of mass 
M, collides with stationary protons in the laboratory to produce muon-anti-muon 
pairs, each of mass m, i.e., −+ +→+ µµpp .  Suppose that the center-of-mass (CM) 
energy of the colliding pair is W and the collision takes place along a straight line.  
The proper lifetime of either muon is τµ.   

 
a) [10 points]  What will be the momentum of the anti-protons in the laboratory 

frame? 
b) [10 points]  What will be the velocities v1 and v2 of  the muons in the laboratory 

frame?   
c) [5 points]    What will be the average distance between the muons and antimuons 

when they decay in the laboratory frame?  (You may leave your answer in terms 
of v1 and v2). 



 
Problem 3. 
 
Consider the transformation of coordinates in phase space given by 
 

    and     

 
a) [5 points]  Evaluate the Poisson bracket  and determine whether or not the 

transformation is canonical. 
b) [5 points]  If the transformation is canonical, find the type-2 generating function 

 which yields this transformation. 

c) [5 points]  A particle’s motion is governed by the Hamiltonian  
 

 
 
Find the Hamilton equations of motion in the transformed coordinates. 

d) [5 points]  Find  and  subject to the initial conditions that  and  

. 

 
e) [5 points]  Find the time it takes for the particle to return to its initial phase space 

coordinates. 



Doctoral Program in Physics of the City University of New York

First Examination: Classical Mechanics

January 15, 2013 10:00 am - 2:00 pm

Solve two out of the three problems on mechanics and two out of the three problems on

electromagnetism.

1. (25 pts) A spherical pendulum consists of a point mass m tied by a string of length l

to a fixed point, so that it is constrained to move on a spherical surface.

a) (5 pts) Show that the Lagrangian is given by L = (1/2)m(l2θ̇2+ l2ϕ̇2 sin2 θ)+mgl cos θ

b) (5 pts) Find the Euler-Lagrange equations.

c) (5 pts) With what angular velocity will it move on a circle, with the string making a

constant angle θ0 with the vertical?

d) (10 pts) For the case in which the amplitude of the oscillations about θ0 is small, solve

for the frequency of these oscillations.

2. (25 pts) Consider a Hamiltonian system with

H(q, p) =
p2

2m

(
1 +

q2

L2

)
+ V (q)

a) (5 pts) Write down Hamilton’s equations.

b) (10 pts) Find F2(q, P ) such that the new Hamiltonian is of the form K(Q,P ) =

P 2/2 +W (Q).

c) (5 pts) For the case

V (q) = ξ

(
1 +

t

t0

)1/2
arcsinh

( q
L

)
what are the equations of motion for (Q,P )?

d) (5 pts) Solve the above equations for q(0) = 0 and p(0) = 0 and find q(t) explicitly.

3. (25 pts) Find the shortest curve connecting the points (z = z0, ϕ = 0) and (z = z0, ϕ =

π/2) on a cone given by r = b− az. To do so, follow these steps.

1



a) (10 pts) Show, considering z = z(ϕ), that the length of the curve can be expressed as

π/2∫
0

dϕ[(1 + a2)z′2 + (b− az)2]1/2

b) (10 pts) Use variation calculus to find z = z(ϕ) for the shortest curve explicitly. Hint∫
dx

x(x2 − 1)1/2 = arcsec(x)

c) (5 pts) Discuss the case a = 0.

2



THE CITY UNIVERSITY OF NEW YORK
First Examination for PhD Candidates in Physics

Analytical Dynamics
Summer 2013

Do two of the following three problems. Start each problem on a new page. Indicate clearly
which two problems you choose to solve. If you do not indicate which problems you wish
to be graded, only the first two problems will be graded. Put your identification number on
each page.

1. The Hamiltonian of a two-dimensional isotropic oscillator is given by

H =
1

2m

(
p2x + p2y

)
+

k

2

(
x2 + y2

)
(a) (2 points) Write down Hamilton’s equations and solve them.

(b) (10 points) Write down the corresponding Hamilton-Jacobi equation for the gen-
erating function S. Find S in terms of quadratures.

(c) (3 points) Is the system integrable? Describe the geometry of the energy surface
prescribed by H = E.

(d) (10 points) Introduce the following quantities:

S1 =
1

2m

(
p2x − p2y

)
+

k

2

(
x2 − y2

)
S2 =

1

m
pxpy + kxy

S3 = ω (xpy − ypx) , ω2 =
k

m

Using the Poisson-brackets {, }, show that {S1, S2} = 2ωS3.

2. A particle moves under the influence of a central force whose potential is given by

V (r) = −V0 e−λ
2r2 , V0 > 0

(a) (10 points) Write down the Lagrangian in polar coordinates and find the effective
potential. Sketch the effective potential.

(b) (5 points) For a given angular momentum L, find the radius of the stable orbit if
it exists (an implicit equation is fine).

(c) (10 points) It turns out that, if L is too large, then no circular orbit exists. What
is the largest value of L for which a circular orbit does in fact exist?



3. (25 points) Consider two particles moving in one space dimension with coordinates
(x1, x2). Assume an interaction potential given by

V =
1

2
mω2 sinh2(x1 − x2) .

Find a canonical transform (x1, x2, p1, p2)→ (Q1, Q2, P1, P2) such that the transformed
Hamiltonian takes the form

H =
1

4m

(
P 2
2 + 4(1 + Q2

1)P
2
1

)
+

1

2
mω2Q2

1



THE CITY UNIVERSITY OF NEW YORK
First Examination for PhD Candidates in Physics

Analytical Dynamics
Winter 2014

Do two of the following three problems. Start each problem on a new page. Indicate clearly
which two problems you choose to solve. If you do not indicate which problems you wish
to be graded, only the first two problems will be graded. Put your identification number on
each page.

1. Consider the double Atwood machine with three masses m1, m2, and m3 connected
with massless threads. The threads run over two massless pulleys (without friction).
The masses are effected by the gravitational force downwards in the figure.

(a) (10 points) Find the Lagrangian of the system.

(b) (5 points) Find the equations of motion.

(c) (10 points) Solve the equations of motion.

Note: The motion of the three masses is assumed to take place vertically only.

Joakim Edsjö
Fysikum, Stockholms Universitet
Tel: 08-55 37 87 26

Exam in Analytical Mechanics, 5p

August 24, 2001

9–15

5 problems on 6 hours. Each problem gives a maximum of 5 points.
Write your name on each sheet of paper!
If you want your result by e-mail, write your e-mail address on the first page.
Allowed books: Physics Handbook and attached collection of formulae.

1. Consider a rigid body.

a) Show that the angular frequency vector ! is unique, i.e. that it is independent of which
reference point in the body that is chosen. (3p)

b) Show that for the components of the tensor of inertia the following relation holds true,
Izz ! Ixx + Iyy. For what kind of bodies do we have equality? (2p)

2. If you have passed on the hand-in exercises, you don’t have
to do this problem. You will get full points for it anyway.

A double Atwood machine (see figure) consists of three masses m1,
m2 and m3 connected with massless threads. The threads run over
two massless pulleys that can rotate without friction around their
symmetry axes. The masses are e!ected by the gravitational force
downwards in the figure.

Write down the equations of motion for the system and solve these.
The motion of the three masses can be assumed to take place vertically
only. (5p)

m1

m2

m3

3. a) Define Poisson brackets and describe how they can be used to investigate if a transfor-
mation (q

!
, p
!
) " (Q

!
, P
!
) is canonical. (3p)

b) The Hamiltonian for a particle system with two degrees of freedom is given by

H =
p2
1

2m
+

p2
2

2m
+ a1q

2
1 + a2q

2
2

Determine a condition on a1 and a2 such that q1p2 # q2p1 is a constant of motion. (2p)

1



2. (25 points) Determine the eigenfrequencies of the three equal masses suspended be-
tween springs with the spring constant k as shown below. The motion of the masses
is assumed to take place vertically only.

112 8 The Vibrating String

EXERCISE

8.3 Complicated Coupled Vibrational System

Problem. Determine the eigenfrequencies of the system of three equal masses sus-
pended between springs with the spring constant k, as is shown in Fig 8.7.

Hint: Consider the solution method of the preceding Exercise 8.2 and Mathematical
Supplement 8.4.

Fig. 8.7. Vibrating coupled
masses

Solution. From Fig. 8.7, we extract for the equations of motion

mẍ1 = !kx1 ! k(x1 ! x2) ! k(x1 ! x3),

mẍ2 = !kx2 ! k(x2 ! x1) ! k(x2 ! x3), (8.40)

mẍ3 = !kx3 ! k(x3 ! x1) ! k(x3 ! x2),

or

mẍ1 + 3kx1 ! kx2 ! kx3 = 0,

mẍ2 + 3kx2 ! kx3 ! kx1 = 0, (8.41)

mẍ3 + 3kx3 ! kx1 ! kx2 = 0.

We look for the eigenvibrations. All mass points must vibrate with the same fre-
quency. Thus, we adopt the ansatz

x1 = A cos(!t + "), ẍ1 = !!2A cos(!t + "),

x2 = B cos(!t + "), ẍ2 = !!2B cos(!t + "),

x3 = C cos(!t + "), ẍ3 = !!2C cos(!t + "),

and after insertion into (8.41), we get

(3k ! m!2)A ! kB ! kC = 0,

!kA + (3k ! m!2)B ! kC = 0, (8.42)

!kA ! kB + (3k ! m!2)C = 0.

3. A Hamiltonian is of the form

H = C2q
2
2 − C1q

2
1 + q1p1 − q2p2

where C1 and C2 are constants.

(a) (15 points) Use Poisson brackets to show that

f1 = q1q2 and f2 =
1

q1
(p2 − C2q2)

are constants of motion.

(b) (10 points) Check your results by finding q1, q2, p1, and p2 as explicit functions of
time.



City University of New York 

Doctoral Program in Physics 

Classical Mechanics First Exam Summer 2014 

Answer two out of three problems.  Show all work. 

1. 

a) Given a dynamical variable 𝑓(𝑞𝑖,𝑝𝑖, 𝑡) where (𝑞𝑖,𝑝𝑖)  are canonical coordinates and momenta 
show that 

𝑑𝑓
𝑑𝑡

=
𝜕𝑓
𝜕𝑡

+ [𝑓,𝐻] 

b) Let the hamiltonian for a particle moving in two dimensions be given by 

𝐻 = 𝑥𝑝𝑥 − 𝑦𝑝𝑦 − 𝑎𝑥2 + 𝑏𝑦2 

Where a and b are constants.  Use the formula of part a) to show that the following functions are 
constants of the motion: 

i) 𝑓1 = 𝑝𝑦−𝑏𝑦
𝑥

 

 
ii) 𝑓2 = 𝑥𝑦 
 

 
iii) 𝑓3 = 𝑥𝑒−𝑡 

 
c) Evaluate the Poisson brackets �𝑓𝑖,𝑓𝑗� for the various functions. 
d) Write down Hamilton’s equations of motion for the coordinates and momenta. 
e) Given the initial conditions  𝑥(0) = 𝑥0,    𝑦(0) = 𝑦0,   𝑝𝑥(0) = 0,    𝑝𝑦(0) = 0  find the 
coordinates and momenta for all t. 
f) Does there exist a Lagrangian corresponding to this Hamiltonian?  If so, find it.  If not, please 
explain why not. 
 

  



2. 

 

A small particle of mass m is free to slide on a vertical hoop of mass M and radius r.  The hoop rolls 
without slipping on a horizontal surface. 

a) Write a lagrangian as a function of the generalized coordinates and velocities:  𝑥(𝑡),𝜑(𝑡), �̇�(𝑡), 
and �̇�(𝑡). 

b) Are there any cyclic coordinates?  If so, identify the corresponding constant of the motion. 
c) Write down Lagrange’s equations of motion for this system. 
d) Derive an approximate formula for the frequency of small oscillations about the equilibrium 

point.   

  



3. 

 
 
Two ‘fixed’ stars, of masses M1 and M2, respectively, share a planet of mass m between them.  
The planet is a distance r1 from star 1 and a distance r2 from star 2, as shown.  The stars are a 
distance D apart and the planet moves in a circular orbit in a plane perpendicular to the line 
joining the stars.  Solve this problem using Newton’s universal law of gravitation. 
a) Prove that Kepler’s second law applies, i.e., the planet sweeps out equal areas in equal 

times.  You may choose the observer to be at the center of the circular orbit. 
b) Find the period, i.e., the time it takes for planet to make one revolution.  Express the answer 

in terms of M1 , M2 , r1 and  r2. 
c) Find the separation distance D in terms of M1 , M2 , r1 and  r2. 
d) Show that in the limit where the two stars come together the period matches the value that 

one gets from Kepler’s third law. 
e) Do you expect the orbit to be stable against all small perturbations? 

 



City University of New York 

Doctoral Program in Physics 

Classical Mechanics First Exam Winter 2015 

Answer two out of three problems.  Show all work. 

1. 

A thin uniform rope with mass M and length S has a part of it, of length R, rotating on a frictionless table 

and the other part, of length S‐R hanging vertically from a small hole in the table, as shown.  Both 

segments are constrained to be straight.  The generalized coordinates describing the horizontal portion 

are the polar coordinates  , . 

a) What is the Lagrangian L that describes this system?

b) Write down Lagrange’s equations of motion for the generalized coordinates.

c) What are the constants of the motion for this system?

d) Sketch the effective potential for the radial motion.  For a given angular momentum (about an

axis through the center of the hole) find an algebraic equation whose root determines the

equilibrium value of the radial coordinate, R0.

e) If the rope starts with R = R0 and the rotation suddenly stops, find the time it takes for R to

shrink to zero.



2. 

Consider three objects, A, B and C, moving along the x‐axis.  Their relative velocities are denoted by vAB, 

VBC and VAC.   

a) According to Galileo and Newton, what is the formula relating these velocities.

b) According to Lorentz and Einstein, what is the relativistic formula relating these velocities.

Express the formula in terms of the variables 	 ,				 ,				 .

c) The above figure shows three lines connecting points on the unit circle.  Prove that the formula

for   matches the formula that is obtained in part b).

d) There are two very massive blocks A and C.  Block A, moves to the right with speed constant u

and block C is always at rest.  Block B is initially at rest but is hit by block A and bounces off it

elastically.  What is the formula connecting the right‐moving speed after the n+1st collision with

block A, vn+1, to the right‐moving speed after the nth collision with block A, vn?  Treat this

problem relativistically.

e) If blocks A and B are initially separated by distance d, what will be the limiting speed of block B

just before A collides with C, i.e., as  → ∞?  Treat this problem relativistically.  Compare to the

result obtained in the problem is treated nonrelativistically.



3. A Hamiltonian is given by

,  

where A and B are constants.  One wishes to solve the Hamilton equations of motion for q(t) 

and p(t) subject to the initial conditions that q(0)  =  q0 and p(0) = p0.  Make a canonical 

transformation to a new coordinate Q and a new momentum P using the type‐1 generating 

function 

,  

a) Starting with Hamilton’s principle of least action show that the old and  new momenta are

related to the old and new coordinates by

,			 		 		

b) Find Q(q,p) and P(q,p).

c) Express the new Hamiltonian K(Q,P) in terms of the new coordinate Q and momentum P.

Write down Hamilton’s equations of motion.

d) Solve for Q(t) and P(t).

e) Solve for q(t) and p(t), subject to the initial conditions.
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Doctoral Program in Physics of the City University of New York
First Examination: Classical Mechanics

June 8, 2016 10:00 am - 2:00 pm
Solve two out of the three problems on mechanics and two out of the three problems of electromagnetism.

1. A bendable rope of length L and mass m is sliding without friction over a horizontal surface of a rectangular block of
mass M that can slide without friction over a horizontal surface. Let X be the position of the block. At t = 0 the rope and
the block are at rest but a piece of the rope of length x0 is hanging vertically from the edge of the block. For simplicity, we
assume that as the rope is sliding down under the influence of gravity, with a length x below the top edge of the block. The
rope is not separating itself from the vertical side of the block. Physically this can be achieved by letting the rope go through
a pipe making a 90◦around the block’s edge.

(a) Find potential and kinetic energy, as well as the Lagrange function, in terms of x, X, and other variables. Take the
upper surface of the block for the reference point of potential energy. (15 points)

(b) Find the equation of motion of the system and the cyclic variable. What is its physical meaning? (15 points)
(c) Relate X and x. Consider particular case x0 = 0. What will be X for x = L? What is the physical meaning?

(20 points)

2. Mass m can slide without friction on a ring of radius R in the plane z = 0. Another mass M is restricted to the straight
line located at the minimal distance a from the circle. The two masses are connected by a [massless] spring so that their
interaction energy is U = 1

2kd
2, where d is the distance between the particles.

(a) Write down the Lagrangian (15 points)
(b) Obtain equations of motion (15 points)
(c) Find the frequences of small oscillations in the case M = m. Work out the case a/R� 1. (20 points)

1



3. Consider the transformation

q1 = Q1 cosλ+ P2 sinλ , q2 = Q2 cosλ+ P1 sinλ

p1 = −Q2 sinλ+ P1 cosλ , p2 = −Q1 sinλ+ P2 cosλ

and the original Hamiltonian

H(qi, pi) =
1

2

(
q21 + q22 + p21 + p22

)
.

(a) Prove that the this transformation is canonical for any constant λ. (20 points)
(b) Determine the new Hamiltonian H(Qi, Pi). (15 points)
(c) Solve the dynamics in terms of new variables with initial conditions Q1(0) = Q2(0) = P2(0) = 0 and P1(0) = P0.

Find the dynamics of the initial variables. (15 points)

2



QUALIFYING EXAM ANALYTICAL MECHANICS

January 2017

Solve two out of the three problems on mechanics and two out of the three problems of
electromagnetism.

1 A point mass on a spring

A point mass m is attached in the middle of a light spring spanned between two holders at the same height,
separated by the horizontal distance l. The stiffness of the spring is k, and its equilibrium length l0 is equal
to l.

a) (15 points) Taking into account gravity, write down the Lagrangian function for three-dimensional
motion.

b) (10 points) Assuming now that the mass is oscillating purely in the vertical direction, obtain the
equation of motion for the mass. Show that this equation has the form

mz̈ +Az −B z√
l2/4 + z2

+mg = 0

and find the coefficients A and B.
c) (10 points) Derive the algebraic equation for the equilibrium configuration of the system. In the two

limiting cases of small and large m, solve the equation to obtain the equilibrium displacement z0.
d) (15 points) Starting from the equation in part b), calculate the frequency of small oscillations in the

vertical direction around the equilibrium point z0.
(Tips: Use a rectangular coordinate system with the origin in the middle between the holders; always try

to simplify your expressions)

2 Rod on the axis

A rod of length L and mass M is mounted on an axis at its center. (The moment of inertia of the rod with
respect to its center is I = ML2/12. )

a) (15 points) If the angle θ between the rod and the axis is fixed and the rod is rotating with the angular
velocity ω = ϕ̇ around the axis, find the kinetic energy of the rod.

b) (10 points) Set up the Lagrange equations for the rod in the case when both θ and ϕ can change freely.
Show the the Lagrangian has the form

L = A(θ)ϕ̇2 +Bθ̇2

where A(θ) is a function of θ and B is a constant. Determine A(θ) and B.
c) (5 points) Find integrals of motion. If you did not determine A(θ) and B, then solve for the integrals

of the motion in terms of the unknown A(θ) and B.
d) (10 points) Show that the equation of motion for θ has the form

θ̈ − C cos θ

sinn θ
= 0

and find C and n. If you did not determine A(θ) and B, then derive the equation of motion for θ in terms
of the unknown A(θ) and B.

e) (10 points) Define the motion in the vicinity of θ = π/2. In other words, assume θ = π/2 + δθ, and
solve for small oscillations. Use the general form in part d), if you were unable to obtain the constants C
and n.

1
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3 Non-linear oscillator by canonical transformation

Consider small oscillations of an anharmonic oscillator with the Hamiltonian given by

H =
p2

2
+
ω2

2
q2 + αω2q3 + βqp2

where constants α and β are small.
(35 points) Apply a canonical transformation using the generating function

Φ(q, P ) = qP + aq2P + bP 3

and the corresponding canonical relations

p =
∂Φ

∂q
, Q =

∂Φ

∂P

with the small constants a and b adjusted to eliminate any anharmonic terms from the Hamilton function
up to the first order in α and β.

(15 points) From the solutions to Hamilton’s equations in Q and P , find the approximate solution q = q(t).

2
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QUALIFYING EXAM ANALYTICAL MECHANICS
June 2017

Solve two out of the three problems on mechanics and two out of the three problems of electromagnetism.

1 A point mass inside a moving holder with a circular internal region

In the presence of gravity, a point mass m is moving in a circular hole of radius R inside a holder of mass
M that can freely slide on a horizontal surface (a 2D problem). Assume that the mass m is in a track, and
so can not drop freely within the open hole. Also, the mass M is constrained so that it cannot leave the
frictionless surface.

a) (15 points) Using polar coordinates with the angle ϕ for the mass m with ϕ = 0 corresponding to the
lowest point, write down the Lagrange function for the system.

b) (10 points) Find the cyclic variable and the corresponding integral of motion. In the case of the initial
condition of mass m in the lowest point of the hole moving with the speed v0 and the holder at rest, find
the average velocity of the center of mass of the system in the horizontal direction.

c) (15 points) Write down the energy of the system and simplify it using the integral of motion found
above with the given initial condition, so that the result depends only on ϕ and ϕ̇.

d) (10 points) Find the value of v0 that separates finite and infinite motion of the angle ϕ.

1
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2 Mass on the incline with the pendulum

Mass M can move without friction on the incline with angle θ and it is attached to a spring with spring
constant k, as shown in the picture. A pendulum of mass m and length l is attached to mass M .

a) (15 points) Write down the Lagrange function of the system in terms of the coordinate u along the
incline for mass M and the angle φ for the pendulum.

b) (15 points) Obtain the Lagrange equations.
c) (15 points) Find the frequencies of small oscillations of the system.
d) (5 points) Investigate oscillation frequencies in the limiting case M � m.

3 A Hamiltonian system

Consider a Hamiltonian system with

H =
p2q2

2m
+ V (q), V (q) = V0 ln

q

q0
.

a) (10 points) Write down the Hamiltonian equations.
b) (25 points) Find the simplest canonical transformation with the generating function Φ(q, P ) such that

the new Hamiltonian is of the form P 2/ (2m) +W (Q). Use the equations

p =
∂Φ

∂q
, Q =

∂Φ

∂P
.

c) (15 points) Solve the Hamiltonian equations for the transformed Hamiltonian and find the time depen-
dence of the old variables q and p.

2



QUALIFYING EXAM ANALYTICAL MECHANICS

January 2018

1 A point mass inside a moving holder with a circular internal region

In the absence of gravity, a point mass m is moving in a circular hole of radius R inside a holder of mass M
that can freely slide on a horizontal surface (a 2D problem). The mass m is attached by an elastic massless
rod to the point situated at the distance a above the center of the hole. The spring constant of the rod is
k and its undeformed length is l0. Assume that the elastic rod cannot bend, mass m is constrained to the
surface of the circular hole, and that the mass M is constrained to the frictionless surface.

a) (15 points) Using polar coordinates with the angle ϕ for the mass m with ϕ = 0 corresponding to the
lowest point, write down the Lagrange function for the system.

b) (10 points) Find the cyclic variable and the corresponding integral of motion. In the case of the initial
condition of mass m in the highest point of the hole moving with the speed v0 and the holder at rest, find
the average velocity of the center of mass of the system in the horizontal direction.

c) (15 points) Write down the energy of the system and simplify it using the integral of motion found
above with the given initial condition, so that the result depends only on ϕ and ϕ̇.

d) (10 points) Find the value of v0 that separates finite and infinite motion of the angle ϕ.

1
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2 Two point masses on a circle

Two equal point masses m can slide without friction on circular track of radius R. The masses are
connected by a spring of the spring constant k and undeformed length l0, as shown in the picture. Gravity
is acting in the direction down.

a) (10 points) Write down the potential energy and the Lagrange function of the system in terms of the
angles φ1 and φ2, defined with respect to the direction down.

b) (10 points) Obtain the Lagrange equations.
c) (15 points) Obtain the equation for the minimal energy state, assuming this state to be symmetric.

Solve this equation in the limit l0 � R.
d) (15 points) Find the frequencies of small oscillations around the equilibrium state in the case considered

above, l0 � R.

3 A Hamiltonian system

A particle of mass m is subjected to the force

F (q) = −kq − α

q3
.

a) (15 points) Consider the Hamiltonian

H(q, p) =
p2

2m
+
kq2

2
+A

p

q

and apply Hamilton’s equations to H(q, p) to determine the constant A such that the equation mq̈ = F (q)
holds for F (q) given above.

b) (10 points) Show that the transformation given by

Q = arctan

(
λ
q

p

)
, P =

1

2

(
p2

λ
+ λq2

)
is canonical.

c) (15 points) Choose λ =
√
mk and apply the above transformation to the Hamiltonian to express it as

H(Q,P ).
d) (10 points) Solve the Hamiltonian equations of motion for Q and P .

2



Qualifying Examination for the Ph.D.
Analytical Dynamics

June, 2018

Do two of the three problems below. If you do all three, cross
one out (otherwise two will be graded at random).

1. Three stars of masses m1, m2 and m3 are located at the vertices of
an equilateral triangle of side d. The motion of each star is such that the
separation between any two stars remains d forever. The only force acting
on the stars is their mutual gravitational attraction (for this problem, use
the symbol G for the gravitational constant).

a. (10 points) Write the equations of motion for each of the three stars m1,
m2, and m3, located at ~r1(t), ~r2(t) and ~r3(t), respectively, where t is the time.

b. (20 points) Simplify the equations you found in part a, in a (Galilean)
inertial frame of reference, in which the center of mass is fixed at the origin
O, as in the figure below:

ym1

ym2

ym3

•O

hhhh d hhhh
B
B
B
B
B
d
B
B
B
B�
�
�

d
�
�
�

Note that the center-of-mass is not necessarily at the center of the triangle.

c. (20 points) Solve the equations in part b, and find the rotational velocity
~ω. In particular, evaluate the magnitude and specify the direction of this
vector.

1
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2. Three blocks, which may move on a floor without friction, are each of
mass m and are connected by two springs. At rest, and under no external
forces (mechanical equilibrium), the positions of the three blocks are x̄1, x̄2

and x̄3, where x̄1 < x̄2 < x̄3. More generally, the locations of the first, second
and third block are x1 = u1 + x̄1, x2 = u2 + x̄2 and x3 = u3 + x̄3, respectively.

The first block is connected to the second block by a spring with spring
constant k1. The second block is connected to the third block by a spring
with spring constant k2 (not necessarily equal to k1). This is illustrated in
the figure below:

m m m������������������������k1 ������������������������k2

a. (10 points) Write the Lagrangian of this system, as a function of of u1, u2

and u3 and their time derivatives.

b. (20 points) Rewrite the Lagrangian in terms of the normal modes. What
are the frequencies of the oscillating normal modes? Are there non-oscillating
normal modes, and, if so, what is their physical meaning?

c. (20 points) Find explicitly the normal modes, in terms of u1, u2 and u3.

2
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3. Consider a simple harmonic oscillator of mass m and frequency ω. The
Hamiltonian with coordinate q, momentum p has the form

H =
p2

2m
+

1

2
mω2q2.

a. (5 points) Find and solve Hamilton’s equations, obtaining the most general
explicit solution q(t) and p(t). Write q(t) as a constant amplitude q0 times
the cosine (only) of some quantity.

b. (15 points) Evaluate the quantity

T = − 1

ω
arctan

p

mωq
,

for the solution you found in part a.

c. (10 points) Find the Poisson bracket of T with q. Find the Poisson bracket
of T with p.

d. (20 points) Obtain the time derivative of T in the Hamiltonian formalism
(by finding a Poisson bracket). What is the physical interpretation of your
result?

3

Ph.D. Program in Physics 
The Graduate Center CUNY



Qualifying Examination for the Ph.D., Analytical Dynamics
January, 2019

Do two of the three problems below. If you do all three, cross one out
completely (otherwise two will be graded at random).

1. A relativistic particle of (rest) mass m with position ~r(t), as a function of
time t, has Lagrangian

L = −mc2
[
1− ~v(t)2

c2

]1/2
,

where ~v(t) = d~r(t)
dt

is the velocity.

a. (5 points) Show from this Lagrangian that the components of the momen-
tum are given by

pj =
mṙj√
1− ~̇r

2

c2

.

From this result, show that the components of the velocity may be written
as

vj = ṙj =
pjc√

m2c2 + ~p 2
.

b. (5 points) Show that the Hamiltonian of a relativistic particle is

H =
√
m2c4 + ~p2c2.

For small momentum |~p | � mc, expand H to second order, in powers of the
momentum.

c. (10 points) In the de Sitter cosmological model, the Lagrangian of the
particle is modified to

LdS = −mc2
[
1− a(t)2

~v(t)2

c2

]1/2
,

1
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1.c. (CONTINUED) where a(t) = eBt and B is the Hubble constant. As

before, ~v(t) = d~r(t)
dt

. Find the momentum ~p, in terms of position and/or
velocity, from LdS. Find the velocity ~v, in terms of ~p.

d. (10 points) Find the Hamiltonian HdS, for a particle in the de Sitter
cosmological model. Find the nonrelativistic approximation for this Hamil-
tonian; in other words, for small momentum |~p | � mc, expand HdS to second
order, in powers of the momentum.

e. (10 points) In the nonrelativistic approximation |~p | � mc, which you
found in Part d., find Hamilton’s equations for a particle in the de Sitter
cosmological model. Use these equations to find ~p(t) and ~r(t), given the
initial conditions ~r0 = ~r(0) and ~p0 = ~p(0). Describe the behavior of ~r(t), for
the following two limiting situations:

i. Very short time, t� B−1.

ii. Very long time, t� B−1.

2
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2. A small toy boat of mass m, with horizontal coordinate x, floats on water.
The vertical coordinate of the water at x and time t, is given by y = y(x, t)
(we ignore the third Cartesian coordinate). Assume the boat is exactly at
height y.

a. (10 points) Show that the Lagrangian is

L =
m

2
(1 + y′

2
)ẋ2 +my′ẏẋ+

m

2
ẏ2 −mgy,

where ∂y/∂x = y′, ∂y/∂t = ẏ.

b. (10 points) Find the momentum p, conjugate to x, of the boat, from this
Lagrangian. Write the time derivative ẋ in terms of this canonical momen-
tum.

c. (10 points) Find the time-dependent Hamiltonian H(p, x, t).

d. (5 points) If the surface of the water has a constant slope α, and moves
to the right with velocity u, then y(x, t) = α(x−ut). Write the Hamiltonian
you found in Part c., for this special case.

e. (15 points) For the case of y(x, t) = α(x − ut), find the generating func-
tion of a canonical transformation from x and p to new variables X and P ,
bringing the Hamiltonian to the form

H(P,X, t) =
P 2

2M
+ U(X, t),

where M is a constant (not equal to m, in general) and U(X, t) is some
function.

Summary of generating functions and their derivatives:

F = F1(Q, q, t) , pi =
∂F1

∂qi
, Pi = −∂F1

∂Qi
,

F = F2(q, P, t)− P iQi , pi =
∂F2

∂qi
, Qi = −∂F2

∂Pi

,

F = F3(Q, p, t) + piqi , qi = −∂F3

∂pi
, Pi = −∂F3

∂qi
,

F = F4(P, p, t)− P iQi + piqi , qi = −∂F4

∂pi
, Qi = −∂F4

∂P i
.

3
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3. A hollow massive sphere has mass M . Inside the sphere is a small ball
of mass m, free to move on the inner surface of the sphere. The sphere is
attached to the bottom end of a vertical spring, and the top end of the spring
is fixed. The spring has spring constant k. The inner radius of the sphere is
R. The sphere is only permitted to move vertically, and cannot rotate. The
ball remains in contact with the inner surface of the sphere.

a. (15 points) Find the exact equations of motion (by any method you wish),
satisfied by the degrees of freedom of the system. You may write these in
the form

ẍ+
d

dt
A+B = 0, ÿ +

d

dt
C +D = 0, and Z̈ +

d

dt
G+H = 0,

for some functions A, B, C, D, G and H of the variables x, y and Z, and
their first time derivatives.

b. (15 points) Find the linearized equations of motion.

c. (20 points) Find the normal modes, in terms of the degrees of freedom of
the system. For each normal mode, find the corresponding frequency.

4
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Qualifying Examination for the Ph.D., Analytical Dynamics
Wednesday, June 12, 2019

Do two of the three problems below. If you do all three, cross one out
completely (otherwise two will be graded at random).

Poorly reasoned or unintelligibly written answers will not be graded.

1. Consider a vector force field ~F (~r), which depends on the position vector
~r = (x, y, z). The acceleration ~a of a particle of mass m, located at ~r, satisfies

~F (~r) = m~a.

a. (10 points) Suppose that the force field ~F (~r) obeys ~∇ · ~F (~r) = 0 at every
point ~r. Consider a sphere S, whose center is ~r0, of radius b (see the figure
at the end of this problem).
What is the flux integral

ΦS =
∮
S
~F · d ~A,

where d ~A is the element of area, normal to S, and pointing away from ~r0?

b. (20 points) Consider the sphere S, defined as in Part a., above. The point
~r0 is called a point of stable equilibrium, if for sufficiently small radius b (say,
for any b less than some length B) and any point ~s on the surface of S,

~F (~s) · n̂ < 0,

where n̂ is the (outward pointing) normal vector of S at the point ~s. Briefly
stated, this means that the force field is directed towards a point of stable
equilibrium, from any sufficiently nearby location.

1
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1.b. (CONTINUED)

Prove that there is no point of stable equilibrium for a force field ~F (~r),

satisfying ~∇ · ~F = 0 in all of space. In other words, show that there is some
point ~s on the surface of S, whose normal vector is n̂, such that ~F (~s) · n̂ ≥ 0.
HINT: use the result from Part a.

c. (20 points) A conservative force field ~F (~r), is one for which the line integral
from a point ~r1 to a point ~r2: ∫ ~r2

~r1

~F · d~r,

is independent of the path from ~r1 to ~r2. Show that the existence of any con-
servative force field ~F (~r), which also satisfies ~∇ · ~F (~r) = 0, implies the exis-
tence of a potential energy V (~r) that satisfies Laplace’s equation∇2V (~r) = 0.
HINTS: you do not need any result of Parts a. or b. to solve Part c., but
you do need Stokes’ theorem.

~r0 t �
���

b�
��*

S
~s t
HHHj n̂

���
�
�

$
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2. Consider N nonrelativistic particles in one dimension, each of mass m, at
the locations x1, x2, x3, . . . , xN . The potential-energy function is

V (x1, x2, x3, . . . , xN) =
N∑
j=1

N∑
k=1

γ

2
(xj − xk)2,

where γ is a real positive constant.

a. (15 points) Denote the momenta conjugate to x1, x2, x3, . . . , xN , by
p1, p2, p3, . . . , pN , respectively. The Hamiltonian of this system may be
written in terms of matrices:

H =
1

2m
pTp+ xTMx,

where M is symmetric,
MT = M,

the column vectors x and p and their transposes are

x =



x1
x2
x3
·
·
·
xN


, p =



p1
p2
p3
·
·
·
pN


, xT = (x1 x2 x3 . . . xN) ,

and
pT = (p1 p2 p3 . . . pN) .

Write the N ×N matrix M explicitly, for N = 2, N = 3 and N = 4.

b. (15 points) For general N , find the components of M . Show these in the
form:

M =



M11 M12 M13 · · · M1N

M21 M22 M23 · · · M2N

M31 M32 M33 · · · M3N

· · · · ·
· · · · ·
· · · · ·

MN1 MN2 MN3 · · · MN N


.

3
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2. (CONTINUED)

c. (10 points) Show that the center-of-mass normal mode has frequency zero.

d. (10 points) How many other (non-center-of-mass) normal modes are there?
Show that these modes all have the same (positive) frequency and find this
frequency. HINT: First show the positive-frequency modes are orthogonal to
the center-of mass mode. From this information, it is straightforward to find
their frequency.

4
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3. In this problem, the term “mass” always means the “rest mass” or
invariant mass. The dot product of two energy-momentum four-vectors
p = (p0, pxc, pyc, pzc) and q = (q0, qxc, qyc, qzc), is defined as

p · q = p0q0 − ~p · ~q c2.

Recall that the dot product is invariant under rotations and Lorentz trans-
formations. Recall also that the energy-momentum four-vector p of a single
particle of mass m has square equal to p2 = p ·p = m2c4 (alternatively we can
write the zeroth component for a single particle as p0 = Ep =

√
~p2c2 +m2c4 ).

a. (10 points) Consider any energy-momentum four-vector p. Then there is
an inertial (primed) frame of reference for which the spatial components of
p′, vanish, i.e., p′ = (p′0, 0, 0, 0). NOTE: this inertial frame may be obtained
by 1) a three-dimensional rotation, followed by 2) a Lorentz transformation,
but you do not have to find these transformations explicitly. Write p′0 in
terms of the components of p.

The remainder of this problem concerns a process in which two particles
scatter, producing two new particles (A + B → C + D). As shown symbol-
ically in the figure below, in which time evolves in the vertical direction, a
particle with mass mA and energy-momentum four-vector pA, collides with
a second particle of mass mB and energy-momentum four-vector pB. After
the collision, what remains are two new particles: one with mass mC and
energy-momentum four-vector pC and another with mass mD and energy-
momentum four-vector pD. Assume energy and momentum are conserved by
this collision.

�
��
�
�
�
�

@
@I
@

@
@
@
��
��������

�

@
@I
@
@
@
@

pA, mA pB, mB

pD, mD pC , mC
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3. (CONTINUED)

The three Mandelstam variables are

s = (pA + pB)2, t = (pB − pC)2, u = (pB − pD)2.

b. (10 points) Does s, t or u change as the result of a rotation or a Lorentz
transformation? Explain why or why not.

c. (5 points) What is the center-of-mass energy of the incoming particles, in
terms of s?

d. (5 points) Write s in terms of the energy-momentum four-vectors of the
outgoing particles, pC and pD.

e. (20 points) Show that the sum of the Mandelstam variables is

s+ t+ u = (m2
A +m2

B +m2
C +m2

D)c4.

Thus the Mandelstam variables are not independent.

6
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Qualifying Examination for the Ph.D., Analytical Dynamics
Wednesday, January 8, 2020

Do two of the three problems below. If you do all three, cross one out
completely (otherwise two will be graded at random).

Poorly reasoned or unintelligibly written answers will not be graded.

1. Consider a particle of mass m and charge q at position ~r = (x, y, z), in

an external static uniform magnetic field ~B = (0, 0, B), which is the curl of a

vector potential ~A, that is, ~B = ~∇× ~A, where Ax = −B
2
y, Ay = B

2
x, Az = 0.

1.a. (5 points) Find the equations of motion from the Lagrangian

L =
1

2
m~̇r

2
+ q ~A · ~̇r ,

where a dot above a symbol denotes differentiation with respect to time t.

1.b. (2 points) Find the canonical momentum of the particle ~p = (px, py, pz),
from this Lagrangian.

1.c. (3 points) Write the Hamiltonian H in terms of the position and mo-
mentum.

1.d. (10 points) Consider the generating function, depending on a new mo-

mentum vector ~P , the old coordinate vector ~r and the time t,

F2(~P ,~r, t) = (x, y, z)

 cos(ωt) − sin(ωt) 0
sin(ωt) cos(ωt) 0

0 0 1


 Px

Py

Pz

 ,
for some real constant ω. Find the components of ~p in terms of the compo-
nents of ~P and ~r.

1
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1.e. (5 points) After making the canonical transformation with the gener-

ating function F2, find the components of the new coordinate vector ~R =
(X, Y, Z) in terms of the components of ~P and ~r.

1.f. (5 points) Using your result from Part e., write the components of ~r in

terms of the components of ~R and ~P .

1.g. (10 points) Find the new Hamiltonian

K(~P , ~R) = H(~p, ~r) +
∂F2(~P ,~r, t)

∂t
.

1.h. (10 points) Show that for a specific choice of ω, the system with Hamil-
tonian K has three degrees of freedom, two of which are simple harmonic
oscillators with frequency qB

2m
.

2
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2. Not all systems have equations of motion which are second order in time
derivatives. Consider a physical system with degrees of freedom θ1(t), ..., θN(t)
and a Lagrangian of the form

L =
N∑

A=1

GA(θ1, ..., θN)
dθA

dt
−M({θ}) .

One does not define canonical momenta pA = ∂L/∂θ̇A, where the dot over a
quantity indicates its time derivative, in this situation.

2.a. (15 points) Using the calculus of variations, show that the choice of
θ1(t), ..., θN(t) which extremizes the action S =

∫
Ldt, satisfies the N equa-

tions of motion:

dθC

dt
= −

N∑
B=1

∂M

∂θB
(F−1)BC , for C = 1, . . . , N .

Here (F−1)AB is the inverse of the antisymmetric N ×N matrix FAB:

FAB =
∂GB

∂θA
− ∂GA

∂θB
,

N∑
B=1

(F−1)ABFBC = δAC .

NOTE: we assume throughout this problem that the matrix F is nonsingular,
so that its inverse exists.

2.b. (10 points) The Hamiltonian for this system is H = M({θ}). We
introduce the Poisson bracket of any two physical quantities α(θ1, . . . θN)
and β(θ1, . . . θN), defined by

{α, β} =
N∑

A,B=1

∂α

∂θA
∂β

∂θB
(F−1)AB .

Show that {θA, H} = dθA/dt is the same as the equation of motion you found
in Part 2.a. above.

2.c. (10 points) Prove that the Poisson bracket, defined in Part 2.b. above,
satisfies anticommutivity:

{β, α} = −{α, β} .

3
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2.d. (15 points) Prove that for any three physical quantities α(θ1, . . . θN),
β(θ1, . . . θN) and γ(θ1, . . . θN), and the Poisson bracket defined in Part 2.b.,
the Jacobi identity:

{α, {β, γ}}+ {β, {γ, α}}+ {γ, {α, β}} = 0 ,

is satisfied. It may help to use the following expression for the derivative of
an inverse matrix:

∂(F−1)

∂θB
= −F−1 ∂F

∂θB
F−1.

4
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3. Consider a particle, with coordinates xj, j = 1, 2, 3, with Lagrangian

L = α

∣∣∣∣∣∣
3∑

j=1

ẋj · ẋj
∣∣∣∣∣∣
s/2

,

for some real number s, where a dot over a quantity denotes differentiation
with respect to time.

3.a. (10 points) The action functional of a path (x1(t), x2(t), x3(t)), from xja
to xjb is defined as S =

∫ tb
ta
L dt, with fixed endpoints xj(ta) = xja, x

j(tb) = xjb.
Find the choice of s for which the action functional S is α times the length
of that path.

3.b. (10 points) Find the equations of motion of the particle (for arbitrary
s).

3.c. (10 points) If a conservative external force with components

Fj = −∂U(x1, x2, x3)

∂xj
,

is applied to the particle, write the new Lagrangian which includes the effect
of this external force (for arbitrary s).

3.d. (15 points) Find the equations of motion in the presence of the external
force above (for arbitrary s).

3.e. (15 points) For which (if any) choices of s, do the equations of motion
imply that the work done on the particle by the external force is zero?

5
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Analytical Dynamics

Summer 2020

Solve two of the three problems below. Each problem is worth 50 points.

Problem 1

x

y

z

α
g

θ

r

A particle of massm is constrained to move on the surface of an upright cone of half opening angle
α, under the influence of gravity.

a) (8 pts) Write down the Lagrangian of the particle using (r, θ) as generalized coordinates, where
r is the perpendicular distance from the vertical axis of the cone and θ is the azimuthal angle as
indicated in the figure.

b) (6 pts) Write down the Euler-Lagrange equations of motion.

c) (8 pts) Write down the Hamiltonian in terms of the generalized coordinates and the correspond-
ing conjugate momenta.

d) (6 pts) Write down the corresponding Hamilton’s equations of motion.

e) (4 pts) What are the constants of motion? Give a physical interpretation for each one of them.

f) (8 pts) Given the right initial conditions the particle can move in a circular orbit r = r0 about
the vertical axis. Determine the angular frequency ω0 of the circular orbit in terms of r0, g and α.
What are the values of the corresponding constants of motion in this case?

g) (10 pts) Now consider a small impulse acting on the particle along the radial direction which
slightly perturbs the above circular orbit, namely r = r0 +x, where x� r0. Show that the circular
orbit is stable and determine the frequency of small oscillations around r0. Express it in terms of
g, r0, α.
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Problem 2

θ1

θ2

l

l

O

m

m

Two identical pendula have a common pivot point O. Each of them consists of a rigid rod of
negligible mass and length l and a mass m attached at the end of the rod. The pendula move
in a vertical plane under the influence of gravity. There is also a repulsive interaction potential
between the masses of the form V = −k d2/2, where k > 0 and d is the distance between the
masses. Consider the case where mg 6= 2kl.

a) (12 pts) Write down the Lagrangian in terms of the generalized coordinates θ1, θ2 (the angles of
the pendula with respect to the vertical axis).

b) (8 pts) Derive the equations of motion for the generalized coordinates above.

c) (10 pts) Determine all possible equilibrium values for the angles θ1, θ2.

d) (20 pts) Analyze the small oscillation problem around each equilibrium position. Determine
which ones are stable and under what conditions. Write down the corresponding frequencies for
small oscillations around the stable equilibria.

Useful formulas:

sin(A±B) = sinA cosB ± cosA sinB , cos(A±B) = cosA cosB ∓ sinA sinB
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Problem 3

A1) (15 pts) A photon of energy E is absorbed by a stationary particle of rest mass M . After the
absorption the composite particle decays into two fragments of equal mass. One of them is emitted
at a 900 angle with respect to the incoming photon. What are the energies of the emitted particles?
(Hint: use of relativistic 4-momenta will simplify your calculations.)

B1) (15 pts) A photon of initial energy E undergoes an elastic scattering with a stationary electron
of rest mass m (see figure below). Calculate the wavelength λ′ of the photon after the scattering
in terms of the initial wavelength λ, the electron’s rest mass m and the scattering angle θ of the
photon in the rest frame of the initial electron.

=⇒ θE m
E′

Now consider the two-dimensional scattering situation of B1 but assume that the electron is ini-
tially not at rest but moves with an initial velocity ~v. In fact consider the situation where the initial
photon and the electron move along the same line.

B2) (8 pts) Show that the photon cannot gain energy (E ′ ≤ E) if the initial electron moves in the
same direction as the initial photon.

B3) (2 pts) Find the condition for the photon energy to remain unchanged after scattering.

B4) (10 pts) Now consider the case where the initial electron moves in a direction opposite to the
initial photon. Calculate the ratio ∆E/E = (E ′ − E)/E in the case of backscattering (θ = −π)
and express it in terms of E, m, β = v/c, γ = 1/

√
1− β2. What is the condition for the photon

to gain energy in this process, namely ∆E > 0?
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Analytical Dynamics

January 2021

Solve two of the three problems below. Each problem is worth 50 points.

Problem 1

α

β g

A

m

A thin uniform hoop of massM and radiusR lies and oscillates in the vertical plane with one point
of the hoop fixed as shown above (A is on the circumference of the hoop and is fixed). A bead
of mass m (red dot in picture above) can frictionlessly slide along the hoop. The system is in a
uniform gravitational field with acceleration g.

a) (5 pts) Calculate the moment of inertia of the hoop around A.

b) (15 pts) Write down the Lagrangian of the system using (α, β) as generalized coordinates.

c) (10 pts) Derive the Euler-Lagrange equations of motion for the generalized coordinates above.

d) (20 pts) Analyze the small oscillation problem around the stable equilibrium position and derive
the corresponding frequencies.

Problems - Analytical Dynamics 
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Problem 2

r

φ

m

O

A massless spring of spring constant k and natural length r0 lies on a frictionless horizontal table.
One end of the spring is attached to the table (say, at the origin O) and a particle of mass m is
attached to the other end of the spring. The spring can stretch as usual, and particle/spring can
rotate freely around the point O.

a) (6 pts) Write down the Lagrangian of the system in terms of the polar coordinates of the particle.

b) (10 pts) Write down the Hamiltonian of the system in terms of the generalized coordinates and
the corresponding conjugate momenta.

c) (8 pts) Write down the corresponding Hamilton’s equations of motion.

d) (6 pts) What are the constants of motion? Give a physical interpretation for each one of them.

e) (10 pts) Show that circular orbits r = R are possible for R > rcritical. Identify rcritical. Express
the constants of motion from part d) for such an orbit in terms of R, k, m, r0.

f) (10 pts) As the particle moves in a circle of radius R, it is given a small push along the radial di-
rection. Show that the circular orbit is stable and calculate the frequency of small radial oscillations
in terms of k, m, r0 and R.
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Problem 3

(Hint: use of relativistic 4-momenta will simplify your calculations)

Part A: A π-meson of mass mπ at rest decays into a µ-meson of mass mµ and a neutrino of
negligible mass.

A1) (15 pts) Calculate the total energy of the µ-meson in terms of mπ,mµ and the speed of light c.

A2) (5 pts) Calculate the momentum of the neutrino.

Part B: An electron e− collides with a positron e+ at rest. They both have rest mass m. After the
collision they annihilate and produce two photons γ1 and γ2 as shown in figure below.

B1) (20 pts) Derive the energy E1 of the photon γ1 in terms of m, c, θ1 and E, where E is the
total energy of the electron.

B2) (10 pts) Find the maximum, E1,max, and minimum, E1,min, energies for the photon γ1 in the
limiting case where K � mc2 and K is the kinetic energy of the electron. Express these in terms
of K, m, c.

=⇒ θ1e− e+

γ1

γ2
Parts B1 & B2
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THE CITY UNIVERSITY OF NEW YORK
First Examination for PhD Candidates in Physics

Analytical Dynamics
June 2021

Solve the following two problems.

1. A point mass m moves in a one-dimensional potential U(q) = U0 eq/β.

(a) (10 points) Write down the corresponding Hamiltonian. Set up the Hamilton-
Jacobi equation for the generating function S.

(b) (10 points) Using the ansatz S = W −αt, find the corresponding equation for W.
Express the solution W as an integral.

(c) (30 points) Find the solution q = q(t), using the solution of the Hamilton-Jacobi
equation. You can use the following integral:

∫ dx

x

1√
a− x

= − 2√
a

arctanh

√
a− x
a


Note: To receive credit for this problem, you must find the solution using the Hamilton-
Jacobi method.

2. An air cargo company would like to connect two cities at distance L (both at altitude
y = 0) in such a way that the fuel consumption of the aircraft is minimal. Given
that the air resistance decreases with the altitude, assume that the fuel consumption
per unit arclength shows a dependence of e−y/h where h is a parameter. Which flight
trajectory is optimal?

(a) (5 points) Present an argument that the following functional S should be mini-
mized:

S =
∫ L

0
e−y(x)/h

√
1 + y′(x)2 dx

(b) (10 points) Show, in general, that if the Lagrangian L does not depend explicitly
on x, the following quantity is conserved:

A = L − y′ ∂L
∂y′

(c) (35 points) Find the optimal flight trajectory. Hint: To solve the differential
equation for y, the substitution y(x) = h ln(f(x)) might be helpful.
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THE CITY UNIVERSITY OF NEW YORK
First Examination for PhD Candidates in Physics

Analytical Dynamics
August 2021

Solve the following two problems.

1. A point mass m = 1 moves in a one dimension with a coordinate q and a momentum
p. The movement is determined by the Hamiltonian

H(q, p) =
p2

2
+
ω2

2
q2 + βpq, ω, β > 0

(a) (10 points) Solve Hamilton’s equations and find the solution for q(0) = 0, and
q̇(0) = ṽ. Discuss the possible motions depending on the parameters ω and β.

(b) (10 points) Consider now a canonical transformation using a generating function
F2 = F2(q, P ). Show that, in general, the transformation is given by p = ∂F2/∂q
and Q = ∂F2/∂P .

(c) (20 points) Assume now that F2 is given in the form

F2(q, P ) = qP − B

2
q2

Express (q, p) in terms of (Q,P ) and find the transformed Hamiltonian K(Q,P ).
How can we choose the constant B such that K does not contain mixed terms of
the form PQ? Find such a B.

(d) (10 points) For your choice of B, find the equations of motion for (Q,P ). Solve
these equations and use these solutions to find the solutions in the original coor-
dinates (q, p) for the case q(0) = 0 and q̇(0) = ṽ.

2. We consider of system of three masses m that are coupled via springs. The two outer
springs are attached to a wall and have a spring constant k1. The two inner springs
have a spring constant k2 = k1/2. The motion of the masses is one-dimensional, we
only consider forces due to the springs.

(a) (10 points) Find the Lagrangian of the system.

(b) (20 points) Find the eigenfrequencies of the system.

(c) (20 points) Find the corresponding eigenvectors.
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